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Mathematics After CC Conjecture 


— Combinatorial Notions and Achievements 


Linfan MAO 
Chinese Academy of Mathematics and System Science, Beijing 100190, P.R.China 
Academy of Mathematical Combinatorics with Applications, Colorado, USA 


E-mail: maolinfan@163.com 


Abstract: As a powerful technique for holding relations in things, combinatorics has expe- 
rienced rapidly development in the past century, particularly, enumeration of configurations, 
combinatorial design and graph theory. However, the main objective for mathematics is 
to bring about a quantitative analysis for other sciences, which implies a natural question 
on combinatorics. Thus, how combinatorics can contributes to other mathematical sciences, 
not just in discrete mathematics, but metric mathematics and physics? After a long time 
speculation, I brought the CC conjecture for advancing mathematics by combinatorics, i.e., 
any mathematical science can be reconstructed from or made by combinatorialization in my 
postdoctoral report for Chinese Academy of Sciences in 2005, and reported it at a few aca- 
demic conferences in China. After then, my surveying paper Combinatorial Speculation and 
Combinatorial Conjecture for Mathematics published in the first issue of International Jour- 
nal of Mathematical Combinatorics, 2007. Clearly, CC conjecture is in fact a combinatorial 
notion and holds by a philosophical law, i.e., all things are inherently related, not isolated 
but it can greatly promote the developing of mathematical sciences. The main purpose 
of this report is to survey the roles of CC conjecture in developing mathematical sciences 
with notions, such as those of its contribution to algebra, topology, Euclidean geometry and 
differential geometry, non-solvable differential equations or classical mathematical systems 
with contradictions to mathematics, quantum fields after it appeared 10 years ago. All of 


these show the importance of combinatorics to mathematical sciences in the past and future. 


Key Words: CC conjecture, Smarandache system, G”’-system, non-solvable system of 


equations, combinatorial manifold, geometry, quantum field. 


AMS(2010): 03005,05C15,51D20,51H20,51P05,83C05,83E50. 


§1. Introduction 


There are many techniques in combinatorics, particularly, the enumeration and counting with 
graph, a visible, also an abstract model on relations of things in the world. Among them, 


1Reported at the International Conference on Combinatorics, Graph Theory, Topology and Geometry, Jan- 
uary 29-31, 2015, Shanghai, P.R.China. 
2Received October 20, 2014, Accepted May 8, 2015. 
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the most interested is the graph. A graph G is a 3-tuple (V, £,/) with finite sets V, F and a 
mapping 1: E — Vx V, and simple if it is without loops and multiple edges, denoted by 
(V; E) for convenience. All elements v in V, e in E are said respectively vertices and edges. 

A graph with given properties are particularly interested. For example, a path P,, in a graph 
G is an alternating sequence of vertices and edges u1, €1, U2, €2,°°* 5 Cn, Un,; Ci = (Ui, Us41) with 
distinct vertices for an integer n > 1, and if uy = Un41, it is called a circuit or cycle C;,. For 
example, v1,v2v304 and v1v2U3V4v1 are respective path and circuit in Fig.1. A graph G is 
connected if for u,v € V(G), there are paths with end vertices u and v in G. 

A complete graph Ky, = (V., E-;I.) is a simple graph with V. = {v1,v2,--- Un}, Be = 
{eij,1 < i,f < n,i A g} and L-(ej;) = (vi,v;), or simply by a pair (V,E£) with V = 
{U1,V2,°'+ Un} and BE = {ujvj;,1 <i,j <niF Jj}. 

A simple graph G = (V, E) is r-partite for an integer r > 1 if it is possible to partition V into 


r subsets V,, V2,--- , V; such that for Ve(u, v) € E, there are integers i 4 j,1 < i,j <r such that 
u€ V; and v € V;. If there is an edge e,; € E for Vu; € Vi, Vu; € Vj, where 1 <i,j7 < ri FJ, 
then, G is called a complete r-partite graph, denoted by G = K(|Vi|,|V2|,---,|V;|). Thus a 


complete graph is nothing else but a complete 1-partite graph. For example, the bipartite graph 
kK (4,4) and the complete graph K¢ are shown in Fig.1. 


Fig.1 


Notice that a few edges in Fig.1 have intersections besides end vertices. Contrast to this 
case, a planar graph can be realized on a Euclidean plane R? by letting points p(v) € R? for 
vertices v € V with p(v;) 4 p(v;) if v; # v;, and letting curve C(v;,v;) C R* connecting points 
p(v;) and p(v;) for edges (v;, v;) € E(G), such as those shown in Fig.2. 


El €2 
€5 


le 
€9| : 


eg 
e€4 €3 


Fig.2 


Generally, let & be a topological space. A graph G is said to be embeddable into & ([32]) 
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if there is a 1 — 1 continuous mapping f : G — & with f(p) 4 f(q) if p 4 q for Vp,¢ € G, ie., 
edges only intersect at vertices in &. Such embedded graphs are called topological graphs. 

There is a well-known result on embedding of graphs without loops and multiple edges in 
R” for n > 3 ([32]), i.e., there always exists such an embedding of G that all edges are straight 
segments in R”, which enables us turn to characterize embeddings of graphs on R? and its 
generalization, 2-manifolds or surfaces ([3]). 

However, all these embeddings of G are established on an assumption that each vertex 
of G is mapped exactly into one point of € in combinatorics for simplicity. If we put off this 
assumption, what will happens? Are these resultants important for understanding the world? 
The answer is certainly YES because this will enables us to pullback more characters of things, 
characterize more precisely and then hold the truly faces of things in the world. 

All of us know an objective law in philosophy, namely, the integral always consists of its 
parts and all of them are inherently related, not isolated. This idea implies that every thing in 
the world is nothing else but a union of sub-things underlying a graph embedded in space of 
the world. 


Fig.3 


Formally, we introduce some conceptions following. 


Definition 1.1((30]-[31], [12]) Let (S1;Ri), (S2;Re), +++, (Umj3Rm) be m mathematical 
systems, different two by two. A Smarandache multisystem ¥ is a union U d; with rules 
i=1 


of m 


R= U Ri on ay denoted by (E:R). 
i=l 


Definition 1.2(({11]-[13]) For any integer m > 1, let (5:) be a Smarandache multisystem 
consisting of m mathematical systems (%1;R1), (42; Re), -++, (2mj Rm). An inherited topolog- 
ical structure GY [E:R] of (E:R) is a topological vertex-edge labeled graph defined following: 
V (G* [E;R]) = (21, 22,--- Bmbs 
E (ct [5;®] ) = {(;,4,;)|[Ei =u; 40, 1<ti 47 <m} with labeling 


for integers 1<i4j<™m, also denoted by G’ 5: for (E:R). 
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For example, let ©; = {a,b,c}, He = {c,d,e}, U3 = {a,c,e}, U4 = {d,e, f} and R; = 0 
for integers 1 < 7 < 4, ie., all these system are sets. Then the multispace (5:) with 


aS 4 a A 

“= UX; = {a,b,¢,d,e, f} and # = @ underlying a topological graph G” [E:R] shown 
i=1 

in Fig.38. Combinatorially, the Smarandache multisystems can be classified by their inherited 

topological structures, i.e., isomorphic labeled graphs following. 


Definition 1.3 ({13]) Let 


Gy" = (U Sy, Un”) and Gy’? = (U ae Une) 
i=l i=1 i=l i=1 


be two Smarandache multisystems underlying topological graphs G; and G2, respectively. They 


are isomorphic if there is a bijection w : Gi"! > Go"? with w : U mM) - U yO and 
i=l i=1 
a:U RY -U RY) such that 
i=1 


w=1 = 


ous 


y; (ar{?0) = a |», (a)aly, (rR) w|», (db) 


or Va,b€ rh 1<i<m, where w|y, denotes the constraint of w on (%;, Ri). 
a * 


Consequently, the previous discussion implies that 


Every thing in the world is nothing else but a topological graph G" in space of the world, 


and two things are similar if they are isomorphic. 


After speculation over a long time, I presented the CC conjecture on mathematical sciences 
in the final chapter of my post-doctoral report for Chinese Academy of Sciences in 2005 ([9],[10]), 
and then reported at The 2°¢ Conference on Combinatorics and Graph Theory of China in 2006, 
which is in fact an inverse of the understand of things in the world. 


CC Conjecture((9-10],[14]) Any mathematical science can be reconstructed from or made by 


combinatorialization. 


Certainly, this conjecture is true in philosophy. It is in fact a combinatorial notion for 
developing mathematical sciences following. 


Notion 1.1 Finds the combinatorial structure, particularly, selects finite combinatorial rulers 


to reconstruct or make a generalization for a classical mathematical science. 


This notion appeared even in classical mathematics. For examples, Hilbert axiom system 
for Euclidean geometry, complexes in algebraic topology, particularly, 2-cell embeddings of 
graphs on surface are essentially the combinatorialization for Euclidean geometry, topological 
spaces and surfaces, respectively. 


Notion 1.2 Combine different mathematical sciences and establish new enveloping theory on 
topological graphs, with classical theory being a special one, and this combinatorial process will 


never end until it has been done for all mathematical sciences. 
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A few fields can be also found in classical mathematics on this notion, for instance the 
topological groups, which is in fact a multi-space of topological space with groups, and similarly, 
the Lie groups, a multi-space of manifold with that of diffeomorphisms. 

Even in the developing process of physics, the trace of Notions 1.1 and 1.2 can be also 
found. For examples, the many-world interpretation [2] on quantum mechanics by Everett in 
1957 is essentially a multispace formulation of quantum state (See [35] for details), and the 
unifying the four known forces, i.e., gravity, electro-magnetism, the strong and weak nuclear 
force into one super force by many researchers, i.e., establish the unified field theory is nothing 
else but also a following of the combinatorial notions by letting Lagrangian & being that a 
combination of its subfields, for instance the standard model on electroweak interactions, etc.. 

Even so, the CC conjecture includes more deeply thoughts for developing mathematics by 
combinatorics i.e., mathematical combinatorics which extends the field of all existent mathemat- 
ical sciences. After it was presented, more methods were suggested for developing mathematics 
in last decade. The main purpose of this report is to survey its contribution to algebra, topol- 
ogy and geometry, mathematical analysis, particularly, non-solvable algebraic and differential 
equations, theoretical physics with its producing notions in developing mathematical sciences. 

All terminologies and notations used in this paper are standard. For those not mentioned 
here, we follow reference [5] and [32] for topology, [3] for topological graphs, [1] for algebraic 
systems, [4], [34] for differential equations and [12], [30]-[31] for Smarandache systems. 


§2. Algebraic Combinatorics 


Algebraic systems, such as those of groups, rings, fields and modules are combinatorial them- 
selves. However, the CC conjecture also produces notions for their development following. 


Notion 2.1 For an algebraic system (@;O), determine its underlying topological structure 

G"[.,O] on subsystems, and then classify by graph isomorphism. 

Notion 2.2 For an integer m > 1, let (%1;R1), (He; R2), +++, (Um; Rm) all be algebraic systems 

in Definition 1.2 and (%: 0) underlying G¥ EZ O] with Y = Ud; andO = U Ri, ue., an 
1 


i=1 i= 


algebraic multisystem. Characterize (F: 0) and establish algebraic theory, t.e., combinatorial 


algebra on (4: O). 
For example, let 


(A301) = (a, bla 01b=bo, a,a7 =b" = 1) 
(G2302) = (b, clbo2 c= C02 b,c? = b” =1) 
(G3; 03) (c,dleo3 d= dog f= = 1) 


I 


l| 


be groups with respective operations 01, o2 and o3. Then the set (G: {01, 09, 03}) is an algebraic 


ie 8 
multisyatem with = LU) GY. 
i=1 


4= 
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2.1 K’-Systems 


A K#-system is such a multi-system consisting of exactly 2 algebraic systems underlying a 
topological graph K¥, including bigroups, birings, bifields and bimodules, etc.. For example, an 
algebraic field (R; +, +) isa K/-system. Clearly, (R;+,-) consists of groups (R; +) and (R\{0};-) 
underlying KY such as those shown in Fig.4, where L: V (K¥) > {(R;+), (R \ {0};-)} and 
L:£E (KF) — {R\ {o}}. 


R\ {0} 


(R; +) (R\ {0}, +) 


Fig.4 


A generalization of field is replace R \ {0} by any subset H < R in Fig.4. Then a bigroup 
comes into being, which was introduced by Maggu [8] for industrial systems in 1994, and then 
Vasantha Kandasmy [33] further generalizes it to bialgebraic structures. 


Definition 2.3 A bigroup (biring, bifield, bimodule, --- ) is a 2-system (Y;0,-) such that 


(1) G= GY, U G3; 
(2) (A;0) and (%;-) both are groups (rings, fields, modules,- -- ). 


For example, let Pbea permutation multigroup action on Q with 
P=P,, U Py and Q= {1, 2,3, 4,5, 6,7, 8} JG, 2,5,6,9, 10, 11, 12}, 


where FY; = ((1,2,3,4), (5,6,7,8)) and Ay = ((1,5,9, 10), (2,6, 11, 12)). Clearly, Pisa per- 


mutation bigroup. 
Let (%1;01,-1) and ((%; 02, -2)) be bigroups. A mapping pair (¢,1) with 6: G@ — % and 
t: {01,1} — {09,-2} is a homomorphism if 


o(aeb) = o(a)u(e)o(6) 


for Va,b € @ and e € {01,-1} provided ae b existing in (@;01,-1). Define the image Im(4,v) 
and kernel Ker(¢, 1) respectively by 


Im(¢,t) = {4(9)|9E% }, 
Ker(¢,t) = {g9€@| o(g) =1., Ve € {02, -2}}, 


where 1, denotes the unit of (%;e) with Y%& a maximal closed subset of Y on operation e. 
For subsets H C G, O C O, define (H;O) to be a submultisystem of (G0) if (H;O) 
is multisystem itself, denoted by (7; 0) < (Go), and a subbigroup (#;0,-) of (Y;0,-) is 
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normal, denoted by # <@ if for Vg € Y, 
ge*H =H eg, 


where ge # = {geh|he # provided geh existing} and “eg = {heg|he #& provided he 
g existing} for Ve € {o,-}. The next result is a generalization of isomorphism theorem of group 
in [33]. 


Theorem 2.4([{11]) Let (¢,c) : (A; {01,-1}) > (@; {02, -2}) be a homomorphism. Then 


G/Ker(¢, +) ~ Im(¢,z). 


Particularly, if (%; {02,-2}) is a group (/;0), we know the corollary following. 
Corollary 2.5 Let (¢,+) : (Y;{0,-}) + (Y;0) be an epimorphism. Then 
4% /Ker(o, 1) ~ (#50). 
Similarly, a bigroup (Y;0,-) is distributive if 
a:-(boc)=a-boa-c 
hold for all a,b,c € Y. Then, we know the following result. 


Theorem 2.6({11]) Let (Y;0,-) be a distributive bigroup of order> 2 with GJ = BU Hy such 
that (30) and (&;-) are groups. Then there must be AH A &. consequently, if (G;0) it a 
non-trivial group, there are no operations - #0 onY such that (Y;0,-) is a distributive bigroup. 


2.2 G’-Systems 


Definition 2.2 is easily generalized also to multigroups, i.e., consisting of m groups underlying a 
topological graph G”, and similarly, define conceptions of homomorphism, submultigroup and 
normal submultigroup, --- of a multigroup without any difficult. 


For example, a normal submultigroup of (¥;O) is such submutigroup (H: O) that holds 
9° H = Hog 
for Vg € G, Vo € O, and generalize Theorem 2.3 to the following. 
Theorem 2.7(([16]) Let (¢,v) : (@;O1) > (%;O2) be a homomorphism. Then 
4 /Ker(d, 1) = Im(¢, 0). 
Particularly, for the transitive a multigroup action on a set Q, let P bea permutation 


multigroup action on Q with P = U P,Q = 
i=1 


{= 


i= 


Q,; and for each integer 7,1 <i < m, the 
1 
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permutation group Y; acts on ;, which is globally k-transitive for an integer k > 1 if for 


any two k-tuples 71, %2,--- , 7, € Q; and y1,y2,°-: , ye € Q;, where 1 < i,j < m, there are 
permutations 71, 72,°++ , 7» such that 
TT]: __ Thon Wig Tn 
vy = Yl, = Y2, "7's Uy = Uk 


and abbreviate the globally 1-transitive to that globally transitive of a permutation multigroup. 


The following result characterizes transitive multigroup. 


Theorem 2.8([17]) Let P be a permutation multigroup action on Q with 
P= and R= Jos 
i=1 i=1 


where, each permutation group Y; transitively acts on Q; for each integers 1<i<m. Then 


P is globally transitive on Q if and only if the graph GY [| is connected. 


Similarly, let R= U R,; be a completed multisystem with a double operation set O (2) = 

O, (J O2, where O; = ie. 1<i< mb}, Oo = {41,1 <i< m}. If for any integers i,1 <i<m, 

(Ri; +i,+;) is a ring, then R is called a multiring, denoted by (R01 a O2) and (+;,-;) a 

double operation for any integer 7, which is integral if for Va, b € Rand an integer 2, 1<i<m, 

ayib=b-+ a, 1. A 04; and a-; b = 04, implies that a = 04, or b = 0,,. Such a multiring 

R:0, o Oz) is called a skew multifield or a multifield if each (R;+;,-;) is a skew field or a 
field for integers 1 <i< m. The next result is a generalization of finitely integral ring. 


Theorem 2.9({16]) A finitely integral multiring is a multifield. 


For multimodule, let O = { +; | 1 <i< m}, O1 = {.;|1 <i < m} and Og = {4+,|1 <i< 
m} be operation sets, (W;O) a commutative multigroup with units 0,, and (@;0, — O2) 
a multiring with a unit 1. for V- € O,. A pair (@;O) is said to be a multimodule over 
(#;O1 — Og) if for any integer i, 1 <i <m, a binary operation x;:&% x WM — UM is defined 
by ax; fora€ &, x € @ such that the conditions following 
) ax; (e@tiy) =axjputiaxiy; 
2) (at+ib) xj 2 =ax,x4;,b x; 2; 
3) (a4 6) xj,u =a x; (bX; 2); 
4) 1, xXi;u = &. 
hold for Va,b € &, Vz,y € 4, denoted by Mod(.4(O) : &(O; — O2)). Then we know the 
following result for finitely multimodules. 


Theorem 2.10([16]) Let Mod(.4(O) : &(O, — O2)) = (S|#) be a finitely generated 


multimodule with § = {ui,U2,°°:,Un}. Then 


Mod(.4@(O) : (01 — O2)) = Mod(&@™ : R(O, — O2)), 
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where Mod(#™ : #(O1 — O2)) is a multimodule on R™ = {(x1,22,--+ an) | 4 EC BLK 
i<n} with 


(@1,22,°++ nr) +6 (yr, Yas Yn) = (ei tiyi, Gotiya, +++ ,n+iyn), 


@ X4 (@1,%2,°°- fn) = (G4 21, Gp Bay- ,@+4 Ln) 


for Va € &, integers 1 <i< m. Particularly, a finitely module over a commutative ring 
(Z;4+,-) generated by n elements is isomorphic to the module Z" over (&;4,-). 


§3. Geometrical Combinatorics 


Classical geometry, such as those of Euclidean or non-Euclidean geometry, or projective geome- 
try are not combinatorial. Whence, the CC conjecture produces combinatorial notions for their 
development further, for instance the topological space shown in Fig.5 following. 


Pi(\Pr 
ey 


: 


NO) Ao 
A. VPs PVA, 
Po 


Py 


P FP 
P3(\ Aa 
Fig.5 


Notion 3.1 For a geometrical space Y, determine its underlying topological structure G"[./, O] 


on subspaces, for instance, n-manifolds and classify them by graph isomorphisms. 


Notion 3.2 For an integer m > 1, let Py, P2,---, Am all be geometrical spaces in Definition 
—~_ — ee m 

1.2 and Y underlying G” Ed with P= UD &, te., a geometrical multispace. Characterize 
i=1 


P and establish geometrical theory, t.e., combinatorial geometry on B. 
3.1 Euclidean Spaces 


Let € = (1,0,--- ,0), & = (0,1,0---,0), ---, € = (0,---,0,1) be the normal basis of a 
Euclidean space R” in a general position, i.e., for two Euclidean spaces R™,R"”, R"™ OR™ #4 
Rmin{nwr}. In this case, let X,, be the set of orthogonal orientations in R", » € A. Then 


R™ AR" = Ay, Xy,, which enables us to construct topological spaces by the combination. 
For an index set A, a combinatorial Euclidean space Gg. (nv; v € A) underlying a connected 


graph G” is a topological spaces consisting of Euclidean spaces R™, v € A such that 


V (G*) ={ R™ |veA}; 
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E(G*) ={ (R™,R™) | R™ OR™ 40,u,v € A } and labeling 
L:R™ > R”™ and L: (R™,R"”’) = R™ ) R™ 
for (R™,R™)E€ E (G"); yi we A. 
Clearly, for any graph G, we are easily construct a combinatorial Euclidean space under- 


lying G, which induces a problem following. 


Problem 3.3 Determine the dimension of a combinatorial Euclidean space consisting of m 
Euclidean spaces R™ ,R”?,--- ,R°™. 


Generally, the combinatorial Euclidean spaces gr (ni, N2,-++ ,Mm) are not unique and to 
determine dimé@r (1, n2, +++ , Mm) converts to calculate the cardinality of |X, U Xn, U-+-:UXn,,|, 
where X,, is the set of orthogonal orientations in R™ for integers 1 < i < m, which can be 


determined by the inclusion-exclusion principle, particularly, the maximum dimension following. 

Theorem 3.4((21]) dimé@r(n1,-+-,mm) < 1-—m+ Yo nj and with the equality holds if and 
i=1 

only if dim (R" OR") =1 for V(R™,R™) € E(G*) ,1<i,j<m. 


To determine the minimum dimé@i(n1,--- ,%m) is still open. However, we know this 


number for G = K,, and n; = r for integers 1 <i < m, ie., &x,,(r) by following results. 


Theorem 3.5([21]) For any integer r > 2, let Ex,,(r) be a combinatorial Euclidean space of 


R’,---,R", and there exists an integer s, O< s<r-—J1 such that 
r+s-1 r+s 
<m 
r r 
Then 
dimminéx,, (7) =r +s. 
Particularly, 
3, if m=1, 
: A, if 2<m<4, 
dimminéK,,, (3) = 
5, if 5< 10, 


3.2 Manifolds 


An n-manifold is a second countable Hausdorff space of locally Euclidean n-space without 
boundary, which is in fact a combinatorial Euclidean space 6gr(n). Thus, we can further 
replace these Euclidean spaces by manifolds and to get topological spaces underlying a graph, 
such as those shown in Fig.6. 
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Fig.6 


Definition 3.6([22]) Let M be a topological space consisting of finite manifolds M,, we A. 
An inherent graph G’” [37] of M is such a graph with 


v (am |M]) ={M,, we A}; 
E (c [*7]) = {(My, My), ,1<i< Kw +1/M,NM, £0, pv € A}, 
where Kyy +1 is the number of arcwise connected components in M,1 My for u,v € A. 
Notice that G™ [7] is a multiple graph. If replace all multiple edges (M,,M,),;, 1 <i< 
Kyv +1 by (M,,M_), such a graph is denoted by G[M], also an underlying graph of M. 


Clearly, ifm = 1, then M (n;, ¢ € A) is nothing else but exactly an ni-manifold by 
definition. Even so, Notion 3.1 enables us characterizing manifolds by graphs. The following 
result shows that every manifold is in fact homeomorphic to combinatorial Euclidean space. 


Theorem 3.7((22]) Any locally compact n-manifold M with an alta @ = { (Uy; ~)| A € A} is 
a combinatorial manifold M homeomorphic to a combinatorial Euclidean space Egr(n,X € A) 
with countable graphs G'"[M] & G. 


Topologically, a Euclidean space R” is homeomorphic to an opened ball B”(R) = {(x1, x2, 


- ,%n)|22+a34+---+a2 < R}. Thus, we can view a combinatorial Euclidean space &(n, A € A) 


as a graph with vertices and edges replaced by ball B"(R) in space, such as those shown in 


Fig.6, a 3-dimensional graph. 


Definition 3.8 An n-dimensional graph MG] is a combinatorial ball space B of B", we A 
underlying a combinatorial structure G such that 


(1) V(G) is discrete consisting of B”, t.e., Vv € V(G) is an open ball B”; 


(2) M"[G]\ V(M"|G}) is a disjoint union of open subsets €1,€2,-++ ,€m, each of which is 
homeomorphic to an open ball B”; 
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(3) the boundary @; — e; of e; consists of one or two B” and each pair (€;,e;) is homeo- 
morphic to the pair (B”, B”); 
(4) a subset. A C MG] is open if and only if AN®; is open for1<i<m. 


Particularly, a topological graph Z|G] of a graph G embedded in a topological space F is 


1-dimensional graph. 


According to Theorem 3.7, an n-manifold is homeomorphic to a combinatorial Euclidean 


space, i.e., n-dimensional graph. This enables us knowing a result following on manifolds. 


Theorem 3.9([22]) Let &|M] = { (Uy; yx) | \ € A} be a atlas of a locally compact n-manifold 
M. Then the labeled graph Gia of M is a topological invariant on |Al, t.e., if Ain and Gin are 
two labeled n-dimensional graphs of M, then there exists a self-homeomorphism h: M — M 


such that h: Aig > Gin naturally induces an isomorphism of graph. 


Theorem 3.9 enables us listing manifolds by two parameters, the dimensions and inherited 
graph. For example, let |A| = 2 and then Ynin[M] = {(U1;¢1), (U2; ¢2)}, ie., M is double 
covered underlying a graphs Dé. kio+1,0 Shown in Fig.7, 


al 


Fig.7 


For example, let U; = R?, yi = z, Uz = (R?\ {(0,0)} U {oo}, ve = 1/z and K12 = 0. Then 


the 2-manifold is nothing else but the Riemannian sphere. 


The G4-structure on combinatorial manifold M can be also applied for characterizing a few 


topological invariants, such as those fundamental groups, for instance the conclusion following. 


Theorem 3.10([23]) For V(M, Mz) € E (ct [™7]). if M, 1 Mg is simply connected, then 


™ (a7) = Q  m(M)| Qn (c™ [¥7]). 


Mev(G[M]) 


Particularly, for a compact n-manifold M with charts {(Uy,~)| yy, : Uy. > R”",2 € A}, 
ifU, NU, is simply connected for Vu,v € A, then 


m™(M) = TY (G’"[M)]) . 
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3.3 Algebraic Geometry 


The topological group, particularly, Lie group is a typical example of K/-systems that of algebra 
with geometry. Generally, let 


AX = (b1,b2,-++ , bm)” (LEq) 
be a linear equation system with 
@i1 4120 ***— G1n Ty 
Aes G21 422 °'* Gan a ie v2 
Gm1 Gm2 ‘** Omn tr 


for integers m, n > 1, and all equations in (LEq) are non-trivial, i-e., there are no numbers A 


such that (ait, QAj2,°°* , Qin, b;) = A(a51; Qj2,°°* ,Ajn, b;) for any integers 1 < 059 < mM. 


22 —-y= —2 


22 —-—y=2 


Fig.8 


It should be noted that the geometry of a linear equation in n variables is a plane in R”. 
Whence, a linear system (LE q) is non-solvable or not dependent on their intersection is empty 
or not. For example, the linear system shown in Fig.8 is non-solvable because their intersection 
is empty. 


Definition 3.11 For any integers 1<i,j7 <m, i#j, the linear equations 


Q41L1 + AiQ%2 + +++ Ginn = bi, 
Ajit) + Aj2v2 aes Ajntn = b; 
are called parallel if there no solution %1,%2,-++ ,& hold both with the 2 equations. 


Define a graph G“[L Eq] on linear system (LEq) following: 


V (G*[LEq]) = { the solution space $; of ith equation |1 <i < m}, 
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E(G*[Eq|) = { (Si, 53) | SiS; #9, 1< 1,7 < m} and with labels 
L:85;—- §; and L ; (5;,5;) > Sif) S; 


for VS; € V (G*[LEq]), (Si, S;) € E(G*[LEq]). For example, the system of equations shown 
in Fig.8 is 


r+22y = 2 
r+2y = -2 
2e-y = -2 
2e2-y = 2 


and CP is its underlying graph G“[LEq] shown in Fig.9. 


Sy B S4 
A D 
S3 C So 
Fig.9 


Let L; be the zth linear equation. By definition we divide these equations L;, 1<i<m 


into parallel families 


C1, C2,°°° 6s 


by the property that all equations in a family @; are parallel and there are no other equations 
parallel to lines in @; for integers 1 < i < s. Denoted by |@;| = nj, 1 <i< s. Then, we can 
characterize G[L Eq] following. 


Theorem 3.12([24]) Let (LEq) be a linear equation system for integers m,n >1. Then 


L ~ KL 
G [LEq| = TS titans Ns 
with ny t+n+2+---+n, = m, where ©; is the parallel family with n; = |@;| for integers 
1<i<s in (LEq) and (LEq) is non-solvable if s > 2. 


Notice that this result is not sufficient, ie., even if G’[LEq] ~ Kny.ny,--.ngs WE Can not 
claim that (LEq) is solvable or not. How ever, if n = 2, we can get a necessary and sufficient 
condition on non-solvable linear equations. 

Let H be a planar graph with each edge a straight segment on R?. Its c-line graph Lo(H) 
is defined by 


V(Lc(H)) = {straight lines LD = eye2---e;,8 > 1 in H}; 
E(Lo(H)) = {(L1,L2)| if ef and e7 are adjacent in H for Ly = ejej:--e7, Le = 


22 2 
eje5-+-ec, l,s > 1}. 
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Theorem 3.13((24]) A linear equation system (LEq2) is non-solvable if and only if G*[LEq2] ~ 
Lo(H)), where H is a planar graph of order |H| > 2 on R? with each edge a straight segment 


Similarly, let 
Py (i), Po(Z)o , Pm (E) (Ese) 


be m homogeneous polynomials in n + 1 variables with coefficients in C and each equation 
P;(%) = 0 determine a hypersurface M;, 1 < i < m in R"*?, particularly, a curve C; if n = 2. 
We introduce the parallel property following. 


Definition 3.14 Let P(%),Q(£) be two complex homogeneous polynomials of degree d inn+1 
variables and I(P,Q) the set of intersection points of P(Z) with Q(X). They are said to be 
parallel, denoted by P || Q if d > 1 and there are constants a,b,--- ,c (not all zero) such that 
for VE € I(P,Q), ax, + bag +--+ + C&n41 = 0, t.e., all intersections of P(Z) with Q(Z) appear 
at a hyperplane on P"C, or d = 1 with all intersections at the infinite tn4, = 0. Otherwise, 
P(£) are not parallel to Q(£), denoted by PQ. 


Define a topological graph G” [Eset in Ct! by 


V (G* [ESi]) = {Pi®), Po), ++, Pm(®)}; 
E(G* [Bsn )) ={(Pi@), Pi@)P: WP), 1S i,7 < mh 
with a labeling 
L: P(x) > P(z), (Pi(Z), Pj (@)) > T(Pi, Pi), 
where 1 < i 4 j < m, and the topological graph of G” [ese] without labels is denoted by 


G peoer |, The following result generalizes Theorem 3.12 to homogeneous polynomials. 


Theorem 3.15([26]) Let n > 2 be an integer. For a system (ES"*+) of homogeneous polyno- 
mials with a parallel maximal classification 61, G2,--- ,G., 


GIES] < K(G, ©,--+ ,G) 


and with equality holds if and only if P; || Pj and P, |) P; implies that P, |) Pj, where 
K(G@i, ©2,--- ,G) denotes a complete l-partite graphs 


Conversely, for any subgraph G < K(@1,G2,--: ,@), there are systems (ES"™*") of homo- 
geneous polynomials with a parallel maximal classification 6,,62,--- ,G@, such that 


G~ G[Es™t"). 
Particularly, if n = 2, ie., an (ES?) system, we get the condition following. 


Theorem 3.16((26]) Let G* be a topological graph labeled with I(e) for Ve € E(G*). Then 
there is a system (ES3) of homogeneous polynomials such that G” [ES? | ~ GY if and only if 
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there are homogeneous polynomials Py,(x,y,2),1 <i < p(v) for Vu € V (G*) such that 


p(u) pv) 


)=I I] Pe [TP 


for e= (u,v) € E(G"), where p(v) denotes the valency of verter v in GY. 


These G4-system of homogeneous polynomials enables us to get combinatorial manifolds, 


for instance, the following result appeared in [26]. 


Theorem 3.17 Let (ES"*+') be a G’-system consisting of homogeneous polynomials P;(%), P2(Z), 
-,Pn(Z) inn+1 variables with respectively hypersurfaces S1,52,°°+,S5m. Then there is a 
combinatorial manifold M in C+! such that t: M > S is 1—1 with G2 |M [M M] ~ Gt [3] ; 


where, S= U Sj. 


i=l 


Particularly, if mn = 2, we can further determine the genus of surface g (S) by closed 


formula as follows. 


Theorem 3.18([26]) Let Cy,C2,---,Cm be complex curves determined by homogeneous poly- 


nomials P(x, y, 2), Pa(a,y,2),--:, Pn(x,y, 2) without common component, and let 
deg(P;)deg(P;) ei deg(P; )deg(P;) 
Ree= TT (ee teu)", w= Yd 
k=1 k=1 ei) £0 


be the resultant of P;(x,y, z), P)(z,y,z) forl1<i#j<m. Then there is an orientable surface 
S inR of genus 


a(S) = B(¢ 6(6)) +d Se > ae) 


p’€Sing(C;) 
+ S- (wig —1) + 5 (-1) > le (Cu Fees) -1] 
L<izj<m D3 Ce, MN Ce, #0 
with a homeomorphism yp : $3C= U C;. Furthermore, if Cy, C2,---,Cm are non-singular, 
then i 
. (3) an i (c (2)) 7 » (deg (Pi) Mosk i) = 2) 
+ ws-—D4 EE YL [e(Cu--Mew)-3], 
1<ifj<m 123 Cry eo 2 Cr; AO 
where , ae 
stv!) = § (Um (PFE) - volo) + le t9)) 
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is a positive integer with a ramification index vg(p') for p' € Sing(C;),1 <i<m. 


Theorem 3.17 enables us to find interesting results in projective geometry, for instance the 


following result. 


Corollary 3.19 Let C),C2,-+- ,Cm be complex non-singular curves determined by homogeneous 
polynomials P,(x,y,z), Po(x,y,2),--+,Pm(x,y, 2) without common component and C;(\C; = 
() Ci with |(1) Ci] =« > 0 for integers 1<i4#j<m. Then the genus of normalization S of 
i=1 i=1 
curves C1,C2,--+,Cm is 
ee ~~ (deg(P;) — 1)(deg(P;) — 2) 
g(S) = 9(S) =(K-1(m-H+>> ee 
i=1 
Particularly, if C1,C2,---,Cm are distinct lines in P?C with respective normalizations of 
spheres $1,52,--+,Sm. Then there is a normalization of surface S of Cy, C2,--+,Cm with 


genus 3 (c (Z)). Furthermore, if G (Z)) is a tree, then S is homeomorphic to a sphere. 


3.4 Combinatorial Geometry 


Furthermore, we can establish combinatorial geometry by Notion 3.2. For example, we have 
3 classical geometries, i.e., Huclidean, hyperbolic geometry and Riemannian geometries for de- 


scribing behaviors of objects in spaces with different axioms following: 
Euclid Geometry: 


Al 
A2 


(Al) There is a straight line between any two points. 
(A2) 
(A3) Any point and a distance can describe a circle. 
(A4) 

) 


A finite straight line can produce a infinite straight line continuously. 


Aa 
(A5 


side less than two right angles, then the two straight lines, if produced indefinitely, meet on that 


All right angles are equal to one another. 


If a straight line falling on two straight lines make the interior angles on the same 


side on which are the angles less than the two right angles. 
Hyperbolic Geometry: 
Axioms (A1) — (A4) and the axiom (£5) following: 


(L5) there are infinitely many lines parallel to a given line passing through an exterior 


point. 
Riemannian Geometry: 
Axioms (A1) — (A4) and the axiom (R5) following: 
there is no parallel to a given line passing through an exterior point. 


Then whether there is a geometry established by combining the 3 geometries, i.e., partially 
Euclidean and partially hyperbolic or Riemannian. Today, we have know such theory really 


exists, called Smarandache geometry defined following. 
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Definition 3.20([12]) An axiom is said to be Smarandachely denied if the axiom behaves in at 
least two different ways within the same space, i.e., validated and invalided, or only invalided 


but in multiple distinct ways. 


A Smarandache geometry is a geometry which has at least one Smarandachely denied axiom 


(1969). 


Fig.10 


For example, let us consider a Euclidean plane R? and three non-collinear points A, B and 
C shown in Fig.10. Define s-points as all usual Euclidean points on R? and s-lines any Euclidean 
line that passes through one and only one of points A,B and C. Then such a geometry is a 
Smarandache geometry by the following observations. 


Observation 1. The axiom (E1) that through any two distinct points there exist one line 
passing through them is now replaced by: one s-line and no s-line. Notice that through any 
two distinct s-points D, EF collinear with one of A, B and C, there is one s-line passing through 
them and through any two distinct s-points F’,G lying on AB or non-collinear with one of A, B 
and C, there is no s-line passing through them such as those shown in Fig.10(a). 


Observation 2. The axiom (E5) that through a point exterior to a given line there is 
only one parallel passing through it is now replaced by two statements: one parallel and no 
parallel. Let L be an s-line passes through C and D on L, and AE is parallel to CD in the 
Euclidean sense. Then there is one and only one line passing through EF which is parallel to L, 
but passing a point not on AEF, for instance, point F’ there are no lines parallel to L such as 
those shown in Fig.10(b). 


Generally, we can construct a Smarandache geometry on smoothly combinatorial manifolds 
M, i.e., combinatorial geometry because it is homeomorphic to combinatorial Euclidean space 
Eq (m1, N2,°++ , Mm) by Definition 3.6 and Theorem 3.7. Such a theory is founded on the results 


for basis of tangent and cotangent vectors following. 


Theorem 3.21(({15]) For any point p € M(ny,no,-++ ,Mm) with a local chart (Up; [Yp]), the 


dimension of TpM (mai, NQ,°++ ,Nm) ts 


dimT,M (ni, NQ,°++ ,Mm) = 8(p) + b3 (ni — 8(p)) 
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a) | 7 
Or 8(p)XNs(p) 


with a basis matrix | 


fee seo Vee JB ee 28 1 0 
s(p) Oxtt s(p) Oxts() Oxi (s+) OaxiM1 
fe yet, ci, eB ee = 0 
s(p) 0x2! s(p) Ox28(P) Ox2(s(P)+1) Ox2"2 
Pals KON byes ge Os 3 ge ON aca i) id 
8(p) Oxs(P)1 s(p) Oxs(P)s(@) Aas (P) (8 (Pp) +1) 


Ax PMs (p) YD) Ox P)"s(p) 


where x = x3! for 1 < i,j < s(p),1 <1 < S(p), namely there is a smoothly functional matrix 


[visle(p)x rec) such that for any tangent vector U at a point p of M(n, n2,°°*,2m), 
_ 0 
v= [vig] s(p)xms¢py? Lagls@ xno a 


k 1 
where ([aij]ext, [bislkxt) = D> YO aijbiz, the inner product on matrices. 


Theorem 3.22([15]) For Vp € (M(ni,n,--+ ,m);A) with a local chart (Uy; [Yp]), the dimen- 
sion of T;M(m1,n2,°-* ;Mm) ts 


_ s(p) 
dimT; M(1m1,12,-++ ,%m) = S(p) + Do (mi — 3(p)) 
11 

with a basis matrix [AE] (p)x reco = 
ae “oT dai @(v)+1) dxi™ 0 
da? | gett? 2(8(p) +1) - 
3) 5) Ane —- 
de da) s(p)(B(P)F1) 0... dp 8(P)Ms@~)—-1_— dz 8(P) Mw) 
s(p) s(p) 


where x" = x)' for 1 < i,j < s(p),1<1<&(p), namely for any co-tangent vector d at a point 
p of M(ny,n2,--+ ,%m), there is a smoothly functional matrix [ui;|s(p)xs(p) such that, 


d= (lies seeing [AF o(@)xrxen)) 5 


Then we can establish tensor theory with connections on smoothly combinatorial manifolds 
({15]). For example, we can establish the curvatures on smoothly combinatorial manifolds, and 
get the curvature R formula following. 


Theorem 3.23([{18]) Let M be a finite combinatorial manifold, R : X(M) x X%(M) x X(M) x 
2X (M) > C*(M) a curvature on M. Then for Vp € M with a local chart (Up; [Y>p]), 


R= R(os)(n6)(uv) (ery a2 @ dx” @ drt” @ dz, 


20 Linfan MAO 


where 


R ~ 1 FG uw\(os) Fy (%.ry(n0) _— F’Iuvy(n9)_ F°-Ied)(os) 
(os)(n@)(my)(KA) 


Ox*r°Ox® = Oxl¥Y Axes OaxkA°ODx7s Ort’ Oxn? 
OL E0 E0 
a0 Pou) (os) PCa) (no) 9(E0) (90) > Div) (na) (wd) (os)?* I(Eo) (1) » 
and G(uv)(cr) = 9 gears aoe): 


This enables us to characterize the combination of classical fields, such as the Ejinstein’s 
gravitational fields and other fields on combinatorial spacetimes and hold their behaviors ( See 
[19]-[20] for details). 


§4. Differential Equation’s Combinatorics 


Let 
fi(xi, 22, »tn411) = 0 
fo(x1, 22, »fn4+1) = 0 
(Eqm) 
fmn(@1, £2, »tn41) =0 


be a system of equations. It should be noted that the classical theory on equations is not 
combinatorics. However, the solutions of an equation usually form a manifold in the view of 
geometry. Thus, the CC conjecture bring us combinatorial notions for developing equation 
theory similar to that of geometry further. 


Notion 4.1 For a system (Edm) of equations, solvable or non-solvable, determine its un- 
derlying topological structure G’|Eqm] on each solution manifold and classify them by graph 


isomorphisms and transformations. 


Notion 4.2 For an integer m > 1, let FR, Do, ---, Dm be the solution manifolds of an 
~ Soak ona m 

equation system (Eqm) in Definition 1.2 and Y underlying GY [2] wih 9 = U FH, «e., 
i=1 

a combinatorial solution manifold. Characterize the system (Eqm) and establish an equation 


theory, t.e., equation’s combinatorics on (Eqm). 


Geometrically, let 
Sy, = {(£1, £2, ae eae WACZEE en 7 (apt) = O} Cc R'+? 


the solution-manifold in R"*+! for integers 1 < i < m, where f; is a function hold with conditions 
of the implicit function theorem for 1 < 1 < m. Then we are easily finding criterions on the 
solubility of system (FS,,,), i.e., it is solvable or not dependent on 


() 51 #0 or =@. 


i=1 
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Whence, if the intersection is empty, i.e., (ES;,) is non-solvable, there are no meanings in 
classical theory on equations, but it is important for hold the global behaviors of a complex 
thing. For such an objective, Notions 4.1 and 4.2 are helpful. 


Let us begin at a linear differential equations system such as those of 


X = Ai X,--- ,X =AgX,--+,X =AmX (LDES!},) 
or 
oe) all gn) alle =0 
n 0) (n— 0 
2” + aQlee-D 4... 4 ale =0 (LDE*) 
gl) 4 all gD se eee atx =0 
with 
k k k 
ayy ayy Oy 1 (t) 
k k k 
aul BY a x | 2 
Oni Ong °-* Onn rn(t) 


[k] 


where each a;;' is a real number for integers 0 < k < 


m, l<ajg<cn. 


For example, let (L.DE%) be the following linear homogeneous differential equation system 


&+ 3x + 2x = 0 
Z+5x+ 6x = 0 
&+ 7x +122 =0 
+ 9x + 20x = 0 
Z+11¢+ 302% = 0 
&+ 7x + 6x = 0 


1) 
2) 
3) 
4) 
) 
) 


5 
(6 


Certainly, it is non-solvable. However, we can easily solve equations (1)-(6) one by one and 


get their solution spaces as follows: 


( y={ 
( y={ 

$3 = meee e **) = {Cye"* + Coe * Ch, 
( ) = {Cie + Coe™™*"|C4, 
( y={ 
( y={ 


Cie* + Cre **|C1, Cyr € R} = {az +34+2¢% = 0} 
Cie — Coe **|C1, 


Cy € R} = {a|# +54 + 6a = 0} 
C> € R} = {a|# + 74 + 122 = 0} 
C2 € R} = {2|# + 94 + 202 = 0} 


Cye** + Coe ©|C1, Co € R} = {2|# + 11é + 302 = 0} 


Seale, eS ={Cie ™ + Coe *|Ci, Cy © R} = {ale + 7é + 62 = 0} 


Replacing each ©; by solution space $; in Definition 1.2, we get a topological graph 
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G"|LDEj] shown in Fig.11 on the linear homogeneous differential equation system (LDE?). 
Thus we can solve a system of linear homogeneous differential equations on its underlying graph 
G*, no matter it is solvable or not in the classical sense. 


Fig.11 


Generally, we know a result on G’-solutions of homogeneous equations following. 


Theorem 4.3([25]) A linear homogeneous differential equation system (LDES},) (or (LDE™)) 
has a unique G"-solution, and for every H” labeled with linear spaces (B;(te***, L<i< n) on 
vertices such that 


(Bi(te™*, 1S ism) () Bev 1< isn) #0 


if and only if there is an edge whose end vertices labeled by (3;(t)e*', 1 <i <n) and (B, (thes, 
1<j <n) respectively, then there is a unique linear homogeneous differential equation system 
(LDES}) (or (LDE™)) with G“-solution H”, where a; is a k;-fold zero of the characteristic 
equation, ky +ky +--- +k, =n and B,(t) is a polynomial in t with degree< k; — 1. 


Applying G’-solution, we classify such systems by graph isomorphisms. 


Definition 4.4 A verter-edge labeling 0: G — Z* is said to be integral if (uv) < min{@(u), A(v)} 
for Yuu € E(G), denoted by G’¢, and two integral labeled graphs Gh and Ge are called iden- 
tical if Gy & Gz and 6(x) = r(y(2)) for any graph isomorphism y and Vx € V(G4) UE(G1), 
denoted by Gy a Cr; 


For example, Ce a Ge but eG # Ge for integral graphs shown in Fig.12. 


5 2 4 4 2 3 3 1 3 
1 2 9 1 2 2 
4 2 3 3 D) 4 4 1 4 
Ge Gr Gi 
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The following result classifies the systems (LDES!,) and (LDE”,) by graphs. 


Theorem 4.5((25]) Let (LDES!,), (LDES},)’ (or (LDE™), (LDE”,)') be two linear homo- 
geneous differential equation systems with integral labeled graphs H, H'. Then (LDES},) & 
(LDESL) (or (LDE®) x (LDE”)') if and only if H = H’. 


For partial differential equations, let 


F; (21, 22, Un, U, Ury;5 Ur, ) = 0 
Fo(x1, 22, Un, U, Ur,;5 Ux, ) = 0 (PDESn) 
Fin (ai, €2,°"* Un, Uy, Ury5°** , Ug, ) =0 
be such a system of first order on a function u(#1,--- ,2,,¢) with continuous F; : R” > R” 
such that F;(0) = 0. 
Definition 4.6 The symbol of (PDES,,,) is determined by 
F\ (a1, £2, "tt Un, U,P1,°** »Pn) =0 
F4(x1, £2, “tt Un, U,P1,°** ,Pn) =0 
Eni @ipte, “tt 5 Un,U,P1,°** »Pn) = 0, 
i.e., substitutes Ur, ,Urs,°°* » Ux, bY P1,P2,°°* ,Pn in (PDES,,), and it is algebraically contra- 


dictory if its symbol is non-solvable. Otherwise, differentially contradictory. 


For example, the system of partial differential equations following 


(z— y)Ue + (v@ — z)uy + (y— z)uz =0 


WU, + ty + yu, =e? +y? +2741 


YUy + Uy + 2u, = 2? +y*4+274+4 


is algebraically contradictory because its symbol 


(z—y)p1 + (a — z)pe + (y — &)p3 = 0 
zpit+cp2+yp3 =e? t+y?t2?4+1 


ypi + zp2 + epg = 2? +y? +2744 


is contradictory. Generally, we know a result for Cauchy problem on non-solvable systems of 


partial differential equations of first order following. 


24 Linfan MAO 


Theorem 4.7([28]) A Cauchy problem on systems 


F\ (21, 2,° ** 5 hn,U,P1,P2,°"° »Pn) =0 
F5(21,2,° "+ 5hn,U,P1,P2,°°° A ) =0 
Fm (#1, 22,° “+ 5 hn, U,P1,P2,°°° ,Pn) = 


of partial differential equations of first order is non-solvable with initial values 


Pale ncun = Bp (Si5 829°" 4/58e—1) 
tle_=x = uo(s1, $2,°°° ,8n—1) 
Pilan=a? = p9(s1, $2,°°° Si); #=1,2,-+- Pa 


if and only if the system 
Fy (a1, £2,°+* ,£n,U,P1,Pa,°** Pn) =0, 1<k<m 
is algebraically contradictory, in this case, there must be an integer ky, 1 < ky <m such that 
Fog (@Y, 25° 5 @y—1) Bs UO, Pls P2,*** Pn) FO 


or it is differentially contradictory itself, t.e., there is an integer jo, 1 < jo <n—1 such that 


According to Theorem 4.7, we know conditions for uniquely G’-solution of Cauchy problem 
on system of partial differential equations of first order following. 


Theorem 4.8((28]) A Cauchy problem on system (PDES,,,) of partial differential equations 
0 10) 
of first order with initial values alt | all, pl | 1<i<n for the kth equation in (PDES,,), 


1<k<™m such that 


0 
dul! “ [k°] agl* | 
———<—— 5 e ——_ = 0 
Os; LP: Os; 


i=0 


is uniquely G" -solvable, i.e., G’[PDES] is uniquely determined. 


Applying the G-solution of a G’-system (DES',,) of differential equations, the global 
stability, i.e, sum-stable or prod-stable of (DES,,,) can be introduced. For example, the sum- 
stability of (DES,,,) is defined following. 


Definition 4.9 Let (DESS) be a Cauchy problem on a system of differential equations in R”, 
Hes G* [DESC] a spanning subgraph, and ul”) the solution of the uth equation with initial 
value ull veVv (CH), It is sum-stable on the subgraph H” if for any number ¢ > 0 there 
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exists, dy > 0, v € V(H*) such that each G*(t)-solution with 


<dy,, WeV(H") 


mae _ ul 


exists for allt > 0 and the inequality 


S- afl a, ull <e 


veV (HL) veV (HY) 


holds, denoted by G*[t] x G*[0] and G¥{t] x G+(0| if HY = G* |DESC]. Furthermore, if 
there exists a number 3, >0, v € V (H*) such that every G"'[t]-solution with 
<By, WeEV (H") 


ju‘t _ ull 


satisfies 


then the G"(t|-solution is called asymptotically stable, denoted by G¥[t] AG [0] and G*{t] 2 
G*(0] if H4 = G* [DESS]. 


For example, let the system (SDES°) be 


ae A(t, x mi ) 
Be Oe hc Beg ip (SDESS) 
ulemto = ub) (wi, @2,+++ ,@n—1) 

and a point xl = (to, ol) vee ga ie) with H;(to, gli) vee a) = 0 for an integer 1 <i < 


m is equilibrium of the ith equation in (SDESC). A result on the sum-stability of (SDESC) 
is obtained in [30] following. 


Theorem 4.10([28]) Let xl! be an equilibrium point of the ith equation in (SDES®© ) for each 
integer 1<i<m. If 


Oe” and » Dt <0 


forX#™ xl, then the system (SDES ) is sum-stable, i.e., G*[t] x Gt [0]. 


Furthermore, if 


"OH; 
2 ao 


for X # s ban then G*[t] Ge [0]. 


t=1 
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§5. Field’s Combinatorics 


The modern physics characterizes particles by fields, such as those of scalar field, Maxwell field, 
Wey] field, Dirac field, Yang-Mills field, Einstein gravitational field, ---, etc., which are in fact 
spacetime in geometry, isolated but non-combinatorics. Whence, the CC conjecture can bring 
us a combinatorial notion for developing field theory further, which enables us understanding 
the world and discussed extensively in the first edition of [13] in 2009, and references [18]-[20]. 


Notion 5.1 Characterize the geometrical structure, particularly, the underlying topological 
structure G“|Y] of spacetime J on all fields appeared in theoretical physics. 


Notice that the essence of Notion 5.1 is to characterize the geometrical spaces of particles. 
Whence, it is in fact equivalent to Notion 3.1. 


Notion 5.2 For an integer m > 1, let Dj, DB, ---, Bn be spacetimes in Definition 1.2 
as pe. a m 

and Z underlying G [2] with 9 = U FH, i.e., a combinatorial spacetime. Select suitable 
i=l 


Lagrangian or Hamiltonian density F to determine field equations of J, hold with the principle 
of covariance and characterize its global behaviors. 


There are indeed such fields, for instance the gravitational waves in Fig.13. 


Fig.13 


A combinatorial field J is a combination of fields underlying a topological graph G” 
with actions between fields. For this objective, a natural way is to characterize each field 
Ci, 1 < i <n of them by itself reference frame {7%}. Whence, the principles following are 
indispensable. 


= 
Action Principle of Fields. There are always exist an action A between two fields Cy and 
C2 of a combinatorial field if dim(C, N C2) > 1, which can be found at any point on a spatial 
direction in their intersection. 


Thus, a combinatorial field depends on graph G’ [7] , such as those shown in Fig.14. 
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C1 Ce; C2 


For understanding the world by combinatorial fields, the anthropic principle, i.e., the born 
of human beings is not accidental but inevitable in the world will applicable, which implies the 


generalized principle of covariance following. 


Generalized Principle of Covariance((20]) A physics law in a combinatorial field is invari- 


ant under all transformations on its coordinates, and all projections on its a subfield. 


Then, we can construct the Lagrangian density YL and find the field equations of combi- 
natorial field Y, which are divided into two cases ([13], first edition). 


Case 1. Linear 


In this case, the expression of the Lagrange density -%, 1[9] is 
n 
Loug= wat Dd) big Fig, 
i=1 (Di,D;)EE(GE [2]) 
where a;, bj; are coupling constants determined only by experiments. 
Case 2. Non-Linear 


In this case, the Lagrange density £615] is a non-linear function on %g, and F%,; for 


1<i,j <n. Let the minimum and maximum indexes j for (M;, M;) € E (ct [2]) are i! and 
i“, respectively. Denote by 


= (x1, 2%2,--:) = (L9,,La25°°° iD riis pA?" pet agia*** ee 


lf 2 L[9 is k +1 differentiable, k > 0, by Taylor’s formula we know that 


OL 6115) 1 [PO Ler/5] 
Ox,OX; 
xi=0 a 1 ©4,x;=0 


n k ~ 

‘ I Lou ay 
— a xy xy sao db 
xj, Oi, --- Oi, ee ete 


t1,t2,°7° tk=1 I ee 


+R(x1, 22, ye ); 
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where 
R(a1,£2,---) 


lim — 
\Iz|| 0 |= 


and choose the first k terms 


Vi, Vig Vi, 


Fer a oy feces Jae 


t1,t2,°7° th=1 ee 


to be the asymptotic value of Lagrange density %, “[) particularly, the linear parts 


OL a1 
G* [9 
oI Du + 
OL 9, | us » 


(M;,M;)€E(G£[M]) 


Lo1/5 (0) + ys 


i=1 


OLon [J] Fy. 
05; Fst 


Notice that such a Lagrange density maybe intersects. We need to consider those of 
Lagrange densities without intersections. For example, 


4 4 
Lot[5] =~ 2, LE, e 2 LEG, 


for the combinatorial field shown in Fig.14. 


Then, applying the Euler-Lagrange equations, i.e., 


Oo. ——— - ————_ = 0, 
: OOub5 0o5 


where @g is the wave function of combinatorial field 7] (t), we are easily find the equations of 
combinatorial field J. 


For example, for a combinatorial scalar field 6g, without loss of generality let 


n 


og => aidba, 


i=1 
a 
Leu15] = 7 Ona," b9,— mb.) + DI big 9,.9,, 
i=1 (2i,9;)€ B(G*[9]) 
i.e., linear case 
Lara = DLa + pe Fig 


i (Fi, 9;)€E(G*[9]) 


with Lo, = 5(Ou,69,0"b9, — m204,), Fig = ¢9,629,, ti = wg, and constants bij, mi, c% for 
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integers 1 < 7,7 <n. Then the equation of combinatorial scalar field is 


x = (0,00 +m?)om, — ‘ 7 bi; pce a Su) = 0. 
vt (M;,M;)€ E(G"[M]) 

Similarly, we can determine the equations on combinatorial Maxwell field, Wey] field, Dirac 
field, Yang-Mills field and Einstein gravitational field in theory. For more such conclusions, the 
reader is refers to references [13], [18]-[20] in details. 

Notice that the string theory even if arguing endlessly by physicists, it is in fact a combina- 
torial field R* x R’ under supersymmetries, and the same also happens to the unified field theory 
such as those in the gauge field of Weinberg-Salam on Higgs mechanism. Even so, Notions 5.1 


and 5.2 produce developing space for physics, merely with examining by experiment. 


§6. Conclusions 


The role of CC conjecture to mathematical sciences has been shown in previous sections by 
examples of results. Actually, it is a mathematical machinery of philosophical notion: there 
always exist universal connection between things F with a disguise G’[.7] on connections, 
which enables us converting a mathematical system with contradictions to a compatible one 
((27]), and opens thoroughly new ways for developing mathematical sciences. However, is a 
topological graph an element of a mathematical system with measures, not only viewed as a 
geometrical figure? The answer is YES! 

Recently, the author introduces G-flow in [29], ie., an oriented graph G embedded in a 
topological space .Y associated with an injective mappings L : (u,v) > L(u,v) € ¥ such that 
L(u,v) = —L(v,u) for V(u,v) € X (G) holding with conservation laws 


LS L(v,u) =0 for wev(G), 


ue Na(v) 


where V is a Banach space over a field .¥ and showed all these G-flows GY form a Banach 


Je )= SS eo 


(uv)ex(G) 


space by defining 


for VG € Ge. and furthermore, Hilbert space by introducing inner product similarly, where 
=> 
||L(u, v)|| denotes the norm of F(u’) in Y, which enables us to get G-flow solutions, i.e., 


combinatorial solutions on differential equations. 
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Timelike-Spacelike Mannheim Pair Curves 


Spherical Indicators Geodesic Curvatures and Natural Lifts 
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Abstract: In this paper, Mannheim curve is a timelike curve, by getting partner curve as a 
spacelike curve which has spacelike binormal, with respect to IL? Lorentz Space, 8? Lorentz 
sphere, or H? Hyperbolic sphere, we have calculated arc lengths of Mannheim partner curve’s 
(I*) , (N*), (B*) spherical indicator curves, arc length of (C*) fixed pol curve, and we have 
calculated geodesic curves of them, and also we have figured some relations among them. In 
addition, if the natural lifts geodesic spray of spherical indicator curvatures of Mannheim 
partner curve is an integral curve, we have expressed how Mannheim Curve is supposed to 
be. 


Key Words: Lorentz space, Mannheim curve, geodesic curvatures, geodesic spray, natural 
lift. 


AMS(2010): 53B30, 53C50 


§1. Introduction 


There are a lot of researches to be done in 3-dimentional Euclidian Space on differential geometry 
of the curves. Especially, many theories were obtained by making connections two curves’ 
mutual points and between Frenet Frames. Well known researches are Bertrand curves and 
Involute-Evolute curves, [6], [4], [7], [19]. Those curves were studied carefully in different 
spaces, therefore, so many results were gained. In Euclidian Space and Minkowski Space, 
Bertrand curves’ Frenet frames and Involute-Evolute curves’ Frenet frames create spherical 
indicator curves on unit sphere surface. Those spherical indicator curves’ natural lifts and 
geodesic sprays are defined in [5], [16], [3], [8]. 

Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve can be a 
Mannheim curve if and only if kK = A tee + es A is a nonzere constant, where curvature 
of curve is & and curvature of torsion is r. After a time, Manheim curve was redefined by Liu ve 
Wang. According to this new definition, when first curve’s principal normal vector and second 
curve’s binormal vector are linearly dependent, first curve was named as Mannheim curve, and 


second curve was named as Mannheim partner curve, [21], [10]. There are so many researches 


lReceived October 29, 2014, Accepted May 18, 2015. 
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to be done by Mathematicians after Liu ve Wang’s definition [12], [15], [15], [2]. 


§2. Preliminaries 


Leta : I — E%, a(t) = (a1(s), a2(s),a3(s)) be unit speed differentiable curve. If we symbolize 
73 


a:I—a curve’s Frenet as {T,.N,B}, curvature as «, and torsion as 7, there are some 


equations among them; 


T'(s) = k(s)N(s) 
N'(s) = —K(s)T(s) + 7(s) B(s) (2.1) 
B'(s) = —1(s)N(s). 


By using (2.1), we can get W Darboux vector as; 


W=7T+kB (2.2) 


If y is the angle which is between W and B, the unit Darboux vector is that; 


C =sinyT + cos yB (2.3) 


Let X be differentiable vector space on M.( Note that M is any vector space) 


= (a(s)) = X (a(s)) (2.4) 
a curve is an integral curve of X if and only if 4 (a(s)) = X (a(s)). 
Suppose that TM = Upe ny Tu (P), then, 
a:I—TM,a(s) = (a(s),a’ (s)) (2.5) 
a:I—TM curve is natural lift of a: J M and for ve TM 
X (v) = — (v, S(v)) N |p 
X vector space is called geodesic spray [5], [17]. Where 


DxY = DxY + (9(X),Y)N (2.6) 


The equation of (2.6) is a Gauss equation on M. (T),(N) and (B) spherical indicator 
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curves’ equations and (C) pol curve’s equations are given respectively; 


ar (8) =T(s) 
an (8) = N(s) 
ap (s) = B(s) 
ac (s) =C(s) 


With respect to E°, arc lengths and geodesic curvatures of those curves are given respec- 


or = | kds, sv = f ||W|| ds, io= | tds, so= | yds (2.7) 
0 0 0 0 


1 
kp = ‘ 
cos (p 


tively; 


(2.8) 
1 
~ sing’ 
2 
= sal 
ko =4/1+ ( or ) ‘ 
With respect to $?, geodesic curvatures are given; 
g W 
yr =tany, yn = wy coty, Yo = “ (see[9]) (2.9) 


Let @: I > x (M) be natural lift of a: J > M. X geodesic spray is an integral curve if 
and only if there is a geometric curve on M, (see [5]). 


g:R° x R® —R : g(X,Y) =1Y1 + r2Y2 — X3Y3 


This inner product space is defined as Lorentz Space and symbolized as IIL?.X € IIL® vector’s 
norm is ||X ||, = V/ |g(X, X)|. For X = (a1, 22,23) and Y = (yi, ye, ys) € IL? 


XxX Y = (a3y2 — Loy3, ©1y3 — ©3Y1, T1y2 — L2y1) 


X x Y is called vector product of X and Y, [1]. Let T be tangent vector of a : J — IL’. 
a: I — IL? is respectively defined as: 


(1) If 9(7, T) > 0, acurve is a spacelike curve; 
(2) If g(T,T) < 0, acurve is a timelike curve; 
(3) If g(T, T) = 0, a curve is a lightlike or null curve, (see [11]). 


Let a : I — IL® be differentiable timelike curve. In this case, T is timelike, N and B are 
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spacelike, and Frenet formulas are given; 


T’ =KN 
N'=x«T—7B (2.10) 
Bo=TN. 
(see [22]). Where 
W=1T —KB (2.11) 


(see [20]). In this situation, there are two cases for W Darboux vector; if W is spacelike, the 
Lorentzian timelike angle y which is between —B and W, then; 


& = ||W]|| coshy , r = ||W]| sinh y (2.12) 


C =sinhyT — coshyB (2.13) 


and unit Darboux vector is; 


If W timelike, « and 7 are formulized; 
Kk = ||W]||sinhy , 7 = ||W]| coshy (2.14) 
and unit Darboux vector is; 


C =coshyT — sinhyB (2.15) 


Let a : I — IL? be spacelike curve which has spacelike binormal. In this case, a curve’s 


Frenet vectors’ vector product are respectively; 


Tx N=-B,NxB=-T,BxT=VN and Frenet formulas are found as; 


T’=kN 
N’=«T+7B (2.16) 
B'=rTN 


(see [22]).In this case, Darboux vector will be; 
W = —-1T + «B, (see[20]). (2.17) 
Let y be the angle which is between B and W. Then, 
k = ||W|| cosy , r = ||W]| sing (2.18) 
and unit Darboux vector is given as; 


C =-—sinyT + cosyB (2.19) 
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Let M be a Lorentz manifold, and M be a hypersurface of M. Suppose that S is a shape 
operator which is obtained from N normal of M, D is the connection on M, D is the connection 
on M, 

For X,Y € y(M), Gauss Equation is; 

DxY = DxY +€g(S(X),Y)N (2.20) 
Where S(X) = —DxN ande =g(N,N), [18]. 
Si(r)={Xe IR}| g(X,X)=r*, re IR, r= fixed} 
is defined as Lorentz sphere, 


Hg(r) ={X € IR3| g(X, X) =-1r?, re IR, r= fixed} 


is defined as hyperbolic sphere. 


Let a : I > E® and a* : I — E® be two differentiable curves. Suppose that Frenet 


Frames on the points of a(s) and a*(s) are respectively given as {T'(s), N(s), B(s)} and 
{T*(s), N*(s), B*(s)}. If @ curve’s principal normal vector and a* curve’s binormal vector 
are linearly dependent, a@ curve is named Mannheim curve, a* curve is named Mannheim part- 
ner curve, and it is shown as (a, a”), [21]. Mannheim curve’s equation is given as; 


a*(s*) = a(s) — AN(s) or a(s) = a*(s*) + AB*(s*) [12]. 


There are some following equations among those curves; 


T =coséT* + sin@N* 
N = B* (2.21) 
B=—sin@T* + cos@N*. 

ds* 


ds* é 
cos 9 = ae. sin? = AT ae (2.22) 


T* = cos6T — sinéB 
N* = sin @T + cos6B (2.23) 
BY=N. 


Where < (7,7*)=6, [3] Let « be curvature of a, 7 be torsion of a, and let «* be curvature of 


* 


a* , T* be torsion of a*. Then, there are the following equations; 


% 
K=T*siné- 


(2.24) 
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. do 
ne ie : ‘i Hed (2.25) 
T* = (Ksin@ — 7 cos 71S 
K 
* 2.2 
w=, ig (2.26 


Let a: I — E® be Mannheim curve, a* : I — E°® be Mannheim partner curve. Suppose 
that Frenet frames are respectively given as {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)}. Let 
@ be the angle which is between T and 7*, and let y be the angle which is between B and W. 
In this case, the following equations hold. 


C=T" (2.27) 


sin y = cosé 

# (2.28) 
cosy = — sin@ 

(see [15]). If we consider (2.28), (2.8), (2.9), (2.22) and (2.23) will respectively turn the following 


equations; 


T K 
cos 6 = , ~sinéd = (2.29) 
|W |W 
_ 1 
ss sin 0’ 
g \? 
|W 
(2.30) 
1 
k — 
B cos’ 
iy? 
ko = 1+( ra 
yr = —coté, yn ahs YB = —tané, yc = al 
|W’ 0 
* d * 
siny = , cosy = AT* é (2.31) 
ds 


(see [15]). 


§3. Timelike-Spacelike Mannheim Curve Pairs 


Definition 3.1 Let a: I — IL? be timelike curve and let a* : I — IL? be spacelike curve 


which has spacelike binormal. Suppose that a curve’s Frenet frames on the point of a(s) is 
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{T(s), N(s), B(s)} and a* curve’s Frenet frames on the point of a* (s) is {T*(s), N*(s), B*(s)} 


If a curve’s principal normal vector and a* curve’s binormal vektorare linearly dependent, a 
? 


curve is called Mannheim curve and a* curve is called Mannheim partner curve. 


This pair 


curve is briefly symbolized as (a,a*) and it is named timelike-spacelike Mannheim curve pairs. 


Theorem 3.1 The distance which is between (a,a*) timelike-spacelikeMannheim curve pairs 


as constant. 


Proof It can be written that; 
a(s) = a*(s*) + A(s*) B*(s*). 


If this equation is derived with respect to s* parameter, we can write that; 


ds 


T 
ds* 


=T* + Ar*N* +2'B" 


If we get inner product of the last equation and B*, then; 
N=0. 
From the definition of Euclidean distance, we can write that; 


d(a*(s*),a(s)) = |la(s) — a*(s*)|| 


= |A| = constant 


Theorem 3.2 Let (a,a*) be timelike-spacelike Mannheim curve pairs. Suppose that a curve’s 


and o* curve’s Frenet frames are respectively {T,N,B} and {T*, N*, B*}. In this case, there 


are the following equations; 


T* =—sinhéT + coshéB 
N* =—coshéT +sinhéB 


Be=N. 
: ds* , as* 
sinhé = ae cosh @ = —Ar oF 


T =sinhéT* — cosh@N* 
N = B* 
B=coshéT* — sinh@N*. 


(3.1) 


(3.2) 


(3.3) 


Proof If we derive a*(s*) = a(s) — AN(s) with respect to s parameter, we can write that; 


= (1—AK)T(s) — ATB 


(3.4) 
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If we get inner product of (3.4) and T, then; 
ds* 
—sinhd— = 1—- : 
sinh 0 AK (3.5) 
If we get inner product of (3.4) and B, then; 


ds* 


hé 
cosh 0— 


AT (3.6) 


om 
If (3.5) and (3.6) are plugged into (3.4), we can write that; 
T* = —sinhéT + coshéB 
From Frenet formulas, the following equations can be found. 
N* = —cosh6T + sinhéB, 


Be=N 


Obviously, we have shown that the equation of (3.1). If we arrange this equation with respect 
to T and B, we can find the equation of (3.3). If a(s) = a*(s*) + AB*(s*) is derived with 
respect to sparameter, it can be found that; 


ds* ds* 
ds Mh ds 


If we consider the corresponding value of T from (3.3), the equation of (3.2) is proven. 


Theorem 3.3 Let(a,a*)be timelike-spacelike Mannheim curve pairs. Let & be curvature of a, 


and let T be torsion of a. In this case, there is the following equation 
AK — pT = 1 


Proof If we divide (3.5) to (3.6), we can write that; 


AK—1 


tanhé = 
os AT 


If we get pp = Atanh@, the result is proven. 


Theorem 3.4 Let (a,a*) be timelike-spacelike Mannheim curve pairs. In this case, there are 


the following equations among curvatures. 


k= —T* ase , T= -T* aang” (3.7) 
ds ds 
ele OO 6 Hep GB, | yr ds . ds 
K = ds* = 0 ds*? T= — cosh 0 +7 sinhO——. (3.8) 
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d. * 
Proof If (T, B*) = 0 is derived, then; « = —r* coshé ; ; 
8 


* 


If (B, B*) = 0 is derived, then; t = —1* sinh ; 


8 
dé d 
If (T,T*) = sinh@ is derived, then; 6* = — = 6/ =, 
ds* ds* F 
If (N, N*) = 0 is derived, then; r* = —K cosh 0— +7 sinh 0—. Therefore, the result is 
8 8 


proven. 


Theorem 3.5 Let(a,a*) be timelike-spacelike Mannheim curve pairs. Let «* be curvature of 


a*, let r* be torsion of a*, and let tT be torsion of a. The following equation holds. 


K 
on 3.9 

7 AT oe) 

Proof If we get equations from (3.2) and if we multiply side by side (3.5) and (3.6), the 


result is proven. 


Theorem 3.6 Let (a,a*) be timelike-spacelike Mannheim curve pairs. There is the following 


equation between a curve’s W Darbouzx vector and a* curve’s T* tangent vector. 
q 


WwW Pee (3.10) 


Proof We know that W =7T — KB. If we get the corresponding values of T and B from 
(3.3), and then if we plug into those values in (3.10),Then, if we get the corresponding values 


of « and 7 from (3.7), and then if we plug into those values in (3.10), the result is proven. 


Result 3.1 Let (a,a*) be timelike-spacelike Mannheim curve pairs. Let y be the angle which 
is between a@ curve’s Darboux vector and a@ curve’s binormal vector. There are the following 
equations between @ and y. 

If W is a spacelike vector; 


sinh y = — sinhé 


(3.11) 
—coshy = coshé 
If W is timelike vector; 
cosh y = — sinh#é 
- (3.12) 
—sinhy = coshé 
yg =- (3.13) 


Proof Suppose that W is a spacelike vector, and the following equations hold because of 
the equations of (2.13) and (3.1), 


C = sinh yT — coshyB, 


T* =—sinhéT + coshéB 
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If we consider that C = T*, we can write that; 


sinh y = — sinhé 
—coshy = coshé 


Similarly, suppose that W is a timelike vector, and from the equation of (2.15), we can write 
that; 
C =coshy T —sinhy B 


If we consider that C = T*, we can write that; 


cos hy = — sinhé 
—sinhy = coshé 


If we divide two equations to each other in the equation of (3.12), we can easily write that; 
cot hy = tanhé 
If we derive last equation, the following equation holds. 


yg’ = —6. 


Theorem 3.7 Let (a,a*) be timelike-spacelike Mannheim curve pairs. There is the following 
equation which is between a curve’s W Darboux vector and a* curve’s W* Darbousx vector; 
-1 OK, 


W* = ——_W —- ——N 3.14 
sinh 0 AK ||W || Ce) 


Proof It can be written 7*7* = —W* + «*B* because a* Manheim partner curve’s W* 
vector is spacelike. If this equation is plugged into (3.10), and if we consider that B*=N, the 


following equation holds. 
ds* 


ae 


(—W* + «*N) 
. ds ; P ; F ; 
If the corresponding value of ane from (3.2) is written in this equation, then; 
s* 


W* =——_Wt+8*N (3.15) 


On the other hand, from the equation of (3.7), we can write that “ = . If the corre- 
8 


sponding value of r* in (3.9) is written in this equation, then; 


ds —K 


ds* Xr ||W]] 
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If we plug this equation into «* = ee the following equation holds. 
8 
K 
k* = —9' —___ (3.16) 
Xr ||W| 


If we write this value of &* in (3.15), the result is proven. 


Let sp be a: I > IL® timelike Mannheim curve’s (T) tangent indicator’s arc length, then; 
g 


ST =i kds (3.17) 
0 
Similarly, (V) principal normal, (B) binormal, and (C) fixed pol curve’s arc lengths are respec- 
tively; 
SN =y ||W|| ds, (3.18) 
0 
SB =) |r| ds, (3.19) 
0 
SC =| |¢'| ds (3.20) 
0 


Let kr be (T) tangent indicator’s geodesic cuvature on IL?. Suppose that Tp is unit tangent 
vector of (T'), then; 
kr = ||Dr,Tr| 


If ar(s) = T(s) tangent indicator is derived with respect to sr parameter, we can write that; 
Tr=N (3.21) 
If we derive one more time and simplify the equation, the following equation holds. 
T 
Dr,Tr =T —-B (3.22) 
kK 


From the definition of geodesic curvature; 


ei 
kp = -1 tg (3.23) 
If we consider the equations of (2.12) and (3.11), we can write that; 
ee (3.24) 
7 ‘cosh 


Similarly, if ay(s) = N(s) principal normal indicatoris derived with respect to sy parameter, 
and the equation of (2.12) is plugged into (3.25), and then the equation of (3.11) is considered, 
we can write that; 

Tn = —coshéT + sinh@B (3.25) 
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If we derive one more time, the following equation holds. 


1 
Dr, Tw = (0 sinh 6T + ||W|| N — 6’ cosh 0B) Ww (3.26) 


From the definition of geodesic curvature; 


(3.27) 


If ag(s) = B(s) binormal indicator is derived with respect to sg parameter, and if we chose 


the positive routing. 


Dyers “1 25 (3.28) 
From the equation of (2.12); 
1 
kp = anna (3.29) 


If ac(s) = C(s) fixed pol curve is derived with respect to sc parameter, we can write that; 
Tc = coshyT — sinh yB 


If we derive one more time, and if we consider the equations of (3.11) and (3.13), we can write 


that; 


DroTc = —sinhéT + cosh6B + ue 


N (3.30) 


From the definition of geodesic curvature; 


(3.31) 


WI)? 
i+(4t 


Result 3.2 Let (a,a*) be timelike-spacelike Mannheim curve pairs. a@ Mannheim curve’s 


spherical indicators are (T),(N), (B) and also a Mannheim curve’s fixed pol curve which is 
(C), with respect to IL?, geodesic curvatures of (T),(N),(B) and (C) are respectively; 


1 
kp = —— 
ig cosh @ 
kn = 
kp = 
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Let D be a: J > IL? Mannheim curve’s connection on IIL’, let D be a : I > IL? Mannheim 


curve’s connection on $?, and let D be a: J > IL? Mannheim curve’s connection on H@. 


Suppose that € is unit normal vector space of S? and Hj}, then; 
DxY = DxY +eg(S(X), YE, c= G(E,€) 


Where S is shape operator of S$? and H@, and corresponding matrix is; 


— 0 
O -1 


S= 


(see[?]). Let yr be (T) tangent indicator’s geodesic curvature on H@, then; 
or = [Bn 
From Gauss Equation, we can write that; 
Dp,Tr = Dr,Tr + €9(S(Tr), Tr)T 


where 
Ee= g(T, T) = —1, S(Tr) = —Tr, and e(S(Tr), Tr) =-l 


If we write those values in Gauss equation, and if we consider (3.22), we can write that; 

Da —<B. (3.32) 
And also from the equation of (2.12) and (3.11); 

Yr = tanhé. (3.33) 

Similarly, Let yy be geodesic curvature of (N) principal normal indicator on $?, then; 

yw = ||Dry ToI| 
From Gauss Equation, we can write that; 

DryTy = DryTw +€9(S(Tw),Tn)N 


where 
Ee= g(N, N) =+41, S(Tn) =—Ty, and g(S(Tw), Tn) =+41. 


If those values are written in Gauss equation, and if we consider (3.26), we can write that; 


= 6g’ 
Dr, Tn = woe 6T — cosh 6B) (3.34) 
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If we get norm of the equation; 


g’ 
WwW =— (3.35) 
|W 
Let yg be geodesic curvature of (B) binormal indicator on $?, then; 
ye = ||DraTl|. 
From Gauss equation, we can write that; 
Dr,TpB = Dr,Tp + eg(S(Tp), Tp)B 
where 
E= g(B, B) = +1, S(Tp) =-—Tp and g(S(Tp), Tp) =-—1. 
If we write those values in Gauss equation, and if we consider (3.28), we can write that; 
2 kK 
Dr,TsB = as (3.36) 
From the equations of (2.12) and (3.11), it can be written that; 
yp = cothd (3.37) 


Let yc be geodesic curvature of (C) fixed pol curve on $?, then; 
ye = ||Dr.Te|l - 


From Gauss equation 
Dt. To = Dr.To + eg(S(Tc), To)C 


where 
Ee= g(C, C) =-+1, S(Tc) =-—To and g(S(To), Tc) =-l. 


If we write those values in Gauss equation, and if we consider (2.13), (3.11) and (3.30), we can 


write that; 
_ wie 


7 (3.38) 


Yc 


Result 3.3 Let (a,a*) be timelike-spacelike Mannheim curve pairs. a Mannheim curve’s 
spherical indicators are (J), (NV), (B) and also a Mannheim curve’s fixed pol curve is (C), 
with respect to S? Lorentz sphere or H? hyperbolic sphere, geodesic curvatures of (T),(N), 
(B) and (C) are respectively; 


a |W 
Tw? = coth6, yo = WV 


yr = tanhé,yn = 


Let a* : I > IL? be spacelike Mannheim curve which has spacelike binormal, and let s7- 
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be a* : I > IL? curve’s (T*) tangent indicator’s arc length, then, 


ST = 6'ds (3.39) 
0 


Similarly, arc lengths of (N*), (B*) and (C*) are found; 


Boe a |r? + WIP as (3.40) 


Spe =i \|W'|| ds (3.41) 
0 


sc« = [rvs (3.42) 


On the other hand, let y* be the angle which is between W* and B*. unit Darboux vector can 


be written as; 


C* = —siny*T™ + cos y* B* 


where 


(=) 
a 
Cd erence 
1+ (5) 
If the values of «* and 7* are written in the equation, we can write that; 
( Note that the values of «* and r* are corresponding values of (3.8) and (3.12) 


oi 
(y*) = Seem (3.43) 
+ 


If (3.43) is written in the equation of (3.42), we can easily find that; 
_(44) 
+ (te) 


sCc* = 


If (3.23) is considered, we can obtain that; 


(¢*)' =~ (3.45) 
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If (3.45) is written in the equation of (3.42), we can find that; 


/ 


eh (eee 


i ds. (3.46) 


Result 3.4 Let (a,a*) be timelike-spacelike Mannheim curve pairs. On the point of a*(s), 
a*curve’s Frenet vectors’ spherical indicator curves and (C™) fixed pol curve which is drawn by 


the unit Darboux vector. In terms of IL*, (C*) fixed pol curve’s arc lengths are respectively; 


ST* =a} 6'ds, 
0 


ore | V@? + IW TPds, 
0 


Result 3.5 Let (a,a*) be timelike-spacelike Mannheim curve pairs, and let ke be a timelike 
Mannheim curve’s geodesic curvature. In this case, the arc length of (C*) fixed pol curve is; 


In terms of IL?, Let kr~ be a%..(s) = T*(s) tangent indicator’s geodesic curvature, let sp- be 


arc parameter , and let T7» be unit tangent vector . Then, we can say that; 
Tr» = —cosh6T + sinhéB (3.47) 


If we derive one more time the equation of (3.47), it can be written that; 
Se ||| 
Dr,.Tr* = — sinh 6T + cosh@B + aN (3.48) 


or if we get norm of (3.48), we can write that; 


ac) 


Similarly, in terms of IL?, Let ky+ be a’y~(s) = N*(s) principal normal indicator’s geodesic 


(3.49) 


curvature, let sy« be arc parameter, and let Ty« be unit tangent vector. Then, we can say 
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that; 


1 1 
Ty+ = —————————— (~ sinh 6T + cosh @B) + —————__N (3.50) 


2 2 
WwW , 
f+ (Up) | b+ (fn) | 
If we consider the equations of (3.27) and (3.31), it can be written that; 


1 1 
Tn» = —(—sinh6T + cosh 6B) + —N (3.51) 
ko kn 


If we derive one more time the equation of (3.51), after simplifying, it can be written that; 


, 


(=smn?) (Z ) (x) 
are & - ((5 r+ | (Gani eo 


i ca 


If we get norm of (3.52), we can write that; 


2) (el) [eee 2 


(0)? + WIP 


(3.53) 


In terms of IL’, Let kg- be a’.(s) = B*(s) binormal indicator’s geodesic curvature, let 
Sp» be arc parameter, and let Tg» be unit tangent vector. Then, we can say that; 


T 


K 
a eel 5 (3.54) 
|W] WII 


Tp = 
If we consider the equations of (2.12) and (3.11), it can be written that; 
Tp» = —coshéT + sinhéB 


If we derive, Tg« after simplifying, it can be written that; 


g’ 
Dr,.Tp* = Tai sinh OT + cosh0B) + N (3.55) 


or if we get norm of T’'g*, we can write that; 


cde lies (ier) eee 


In terms of IIL’, Let kc» be a%.(s) = O*(s) fixed pol curve’s geodesic curvature, let sc« be arc 


parameter, and let Tc» be unit tangent vector. Then, we can say that; 
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To» = —cosy*T* + sin y* B* (3.57) 


If we derive one more time the equation of (3.57), it can be written that; 


w* 
Dr,.To+ = — sin y*T* + cos y* B* — : + N* (3.58) 
~ 
If we get norm of (3.57), we can write that; 
(3.59) 
If the values of «* and 7* are written in ||W*|| = \/ |(7*)? + (K*)?], we can find that ( Note 
that the value of «* and r* are corresponding values of (3.8) and (3.9).) 
K Wi)? 
w*||=—,| |1 —. 
weasel By 
From the equation of (3.31) and (3.45), it can be written that; 
* k 3 


Cae AT ( es - 1) 


If the value of (3.60) is written in, we can say that; 


Result 3.6 Let (a,a*) be timelike-spacelike Mannheim curve pairs. In terms of IL?, a* curve’s 
(T*), (N*), (B*) spherical indicator curves’ and (C*) fixed pol curve’s geodesic curvatures are 
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respectively; 


Ww 
kere = yf |1+ ty. 


(> Gee 


Let yr+ be a* : I > IL? spacelike binormal spacelike Mannheim partner curve’s a(S) = 


T*(s) tangent indicator’s geodesic curvature in $?. Then; 


Yr+ = ||Dr,.Tr- 
From Gauss equation, it can be written that; 
Dep. Tr* = Drp.Tr* + €9(S(Tr«), Trx)T* 
where 


e=g(T*,T*) =+4+1, S(Tp+) = —Tp+ and g(S(Tr«), Tr+) = +1. 


If those values are written in Gauss equation, and if the equation of (3.1) and (3.48) are 


considered, we can say that; 


; |W 
Dr,.Tr+ = ( 7 )N (3.61) 
If we get norm of (3.61), we can write that; 
_ |W 
aes 


Dr. T ~ = 0 if and only if (TF) curve geodesic spray is an integral curve. From the equation 
of (3.61), we can find that; « = 0,7 = 0 which means a is a straight line. 


Result 3.7 Let (a,a*) be timelike-spacelike Mannheim curve pairs. a Mannheim curve does 
not have any partner curve because a Mannheim curveis a straight line. 

Let yn« be geodesic indicator in Hj for a’*y.(s) = N*(s) principal normal indicator. We 
can write that; 


ye = ||Dr,.Tn- 
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From Gauss equation, it can be written that; 


Dry.Tn« = Dry.Tn« + €9(S(In+), Tnx) N* 


where 


e= g(N*, N*) = +1, S(Tn«) = —Ty« and e(S(Tn«), Tnv«) = +1. 


If those values are written in Gauss equation, and if the equations of (3.1) and (3.52) are 
considered, we can say that 


- Gere ea) 
Dry.Tn» = | OPT Ty + cosh 6] + (3.62) 
(4) (soho) — 
—_———* | N —— oN — sinh 0] B 
| |(0")? a. u Ficuae : | 


If we get norm of (??), we can write that; 


(=siney’ + (2) : (hy Pp 
_ = + cosh ———— 
a ([ oer eal ar 
(cosh y" _ ii 
+| Pra. | 


Dr,,.Tn~ = 0 if and only if (N*) curve geodesic spray is an integral curve. In this case, we can 
write that; 


(=3e8) + (5) 


+ cosh é = 0, 
(07)? + 11? 
1 
(a) 
or? + Im IP| 
(sse) _ a 
A — sinh =0 


2 + IWIP| 
This value cannot be 0. 


Result 3.8 Let (a,a*) be timelike-spacelike Mannheim curve pairs. There is no Mannheim 
partner curve on hyperbolic sphere to be made a* Mannheim partner curve’s (N*) principal 
normal indicator geodezic spray is an integral curve. 


Let y+ be geodesic curve in S? for a%.(s) = B*(s) principal normal indicator. In this 
case, we can write that; 
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Agi | Br, Te- 
From Gauss Equation, it can be written that; 
Dr,.T p+ = Dr,.Tp+ + €g(S(Tp-), Tax) B* 
where 
e = g(B*, B*) = -1, S(Tp~) = —Tp« and g(S(Tp-), Te~) = —1. 


If those values are written in Gauss Equation, then, B* = N. And if the equation of (3.55) is 
considered, we can say that; 


/ 


7 0 
Dr,.Tp* = Tae sinh OT + cosh 0B) (3.63) 


If we get norm of (3.63), we can write that; 


Q’ 
YB* = —_—_—_ 
|W 
Dry Tg~ = 0 if and only if (B*) curve geodesic spray is an integral curve. In this case, from 
the equation of (3.63), we can write that; 


—6' sinh _ 


wy? 


6’ cosh 6 ta 
|W|| 


where 0’ = 0. In this case, from the equations of (3.13) and (2.18), “ = constant. This means 
“EF 
a@ Mannheim curve is a helix. 


Result 3.9 Let (a,a*) be timelike-spacelike Mannheim curve pairs. If aw Mannheim curve is a 
helix, Mannheim partner of a is a straight line. 


Let yc» be geodesic curve in S? for a%.(s) = C*(s). In this case, we can write that; 


Yo* = || Dre. Tox 
From Gauss Equation, it can be written that; 
Dt .To* = Dro. Tox + €g(S(Tox), Tox)C* 


where 


= g(C, C*) = +1, S(To~) = —To« and g(S(To«), To) =-l. 
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If those values are written in Gauss equation, then, 
C* = —siny*T™* + cos y* B* 
And if the equation of (3.57) is considered, we can say that; 


A |W*|| 
Da pe N* 3.64 
alae (pry ve 


If the equation of (3.60) is considered, geodesic curve is, 


K(k)? 
AT ( ka, _ T) 


Dr,.T c« = 0 if and only if (C*) curve geodesic spray is an integral curve. In this case, from 
the equation of (3.64), we can write that; «* = 7* = 0. And from the equation of (3.9), « = 0. 


Yo* — 


Result 3.10 Let (a,a*) be timelike-spacelike Mannheim curve pairs. a Mannheim curve does 


not have any partner curve because a Mannheim curveis a straight line. 


Result 3.11 Let (a,a*) be timelike-spacelike Mannheim curve pairs. In terms of $7? or Hj, 
a®* curve’s (T*), (N*) and (B*) spherical indicator curves’ and (C*) fixed pol curve’s geodesic 
curvatures are respectively; 


_. _ (|W 
Ne Wea 
—sinh@y’ K 2 1)’ 2 
ae + “ a 
Nx = =F ko ) (Ee) + cosh] + —— 
|(@’)? + ||W ||? |(0")? + ||W|I?| 
1 
+ et) = ke _ — sinh yr 
[(0")? + ||WI/? 
sce 6g’ gene K(kc)? 
Be wy Or RS 
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Abstract: In this paper we introduced Smarandache-2-algebraic structure of R-module 
namely Smarandache-R-module. A Smarandache-2-algebraic structure on a set N means 
a weak algebraic structure AO on N such that there exist a proper subset M of N, which 
is embedded with a stronger algebraic structure Al, stronger algebraic structure means 
satisfying more axioms, by proper subset one understands a subset from the empty set, from 
the unit element if any, from the whole set. We define Smarandache-R-module and obtain 
some of its characterization through S-algebra and Morita context. For basic concept we 


refer to Raul Padilla. 


Key Words: R-module, Smarandache-R-module, $-algebras, Morita context and Cauchy 


modules. 


AMS(2010): 53C78. 


§1. Preliminaries 


Definition 1.1 Let S be any field. An S-algebra A is an (R, R)-bimodule together with module 
morphisms 4: A®rpA — A andy: R— A called multiplication and unit linear maps respectively 
such that 

A@rA@nA=¥ A@RAS A with wo (uw @14) ="0 (14 @ p) and 


REY AGRA A with po (N@ 1a) =p0 (1a @n). 


Definition 1.2 Let A and B be S-algebras. Then f : A— B is an S-algebra homomorphism 
if upo(f@f)=fopma and fona =n. 

Definition 1.3 Let S be a commutative field with 1p and A an S-algebra M is said to be a 
left A-module if for a natural map 7: A@r M > M, we have wo (1a @7) =70(U@ 1p). 
Definition 1.4 Let S be a commutative field. An S-coalgebra is an (R, R)-bimodule C with R- 
linear maps A: C > C@RC ande: C = R, called comultiplication and counit respectively such 
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A lco@a ¢ A lo@e 
that 5s C@RC = C@xC@RC with (Ic@A)oA =(A@lg)oA and OS Cord SG R 
A@®la E@lo 
with (lc @e)oN=1loe=(E@le)oA. 


Definition 1.5 Let C and D be S-coalgebras. A coalgebra morphism f : C — D is a module 
morphism if tt satisfies Apo f =(f@f)oAc andepo f =Ec. 


Definition 1.6 Let A be an S-algebra and C an S-coalgebra. Then the convolution product is 
defined by fxg = pho(f @g)oA with LHomR(C, A) = no € (1r) for all f,g © Homp(C, A). 


Definition 1.6 For a commutative field S, an S-bialgebra B is an R-module which is an algebra 
(B,u,) and a coalgebra (B,A,e) such that A and « are algebra morphisms or equivalently 


and n are coalgebra morphisms. 


Definition 1.7 Let R,S be fields and M an (R,S)-bimodule. Then, M* = Homp(M, R) 
is an (S,R)-bimodule and for every left R-module L, there is a canonical module morphism 
aM : M* @r L > Homr(M,L) defined by al! (m* @1)(m) = m*(m)l for allm € M,m* € M* 
andl € L. If al! is an isomorphism for each left R-module L, then rMsg is called a Cauchy 
module. 


Definition 1.8 Let R,S be fields with multiplicative identities M, an (S, R)-bimodule and N, 
an (R, S)-bimodule. Then the six-tuple datum K = [R,S,M,N,(,) pr, (,)s] is said to be a Morita 
context if the maps (,)r: N @g M — R and (,)s: M@rRN — S are binmodule morphisms 


satisfying the following associativity conditions: 
m' (n,m) R = (m',n)s m and (n,m) Rn’ = n(m,n’)s 


(,)r and (,)s are called the Morita maps. 


§2. Smarandache-R-Modules 


Definition 2.1 A Smarandache-R-module is defined to be such an R-module that there exists 
a proper subset A of R which is an S-Algebra with respect to the same induced operations of R. 


§3. Results 


Theorem 3.1 Let R be a R-module. There exists a proper subset A of R which is an S-coalgebra 
iff A* is an S-algebra. 


Proof Let us assume A* is an S-algebra. For proving that A is an S-coalgebra we check 
the counit conditions as follows: 


EAR AGES ASP A Gs A MAR 
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Next, we check the counit condition as follows: 


MAR ASRS OES OO ABA SR AOR 


"424% (A @p A) On (A@r A)* 4254 (An A) Op (AR A)" 
1484 (A @p A) Op A* Ss (A@RA) ORAS A@RA—HA. 


Thus, A is an S-coalgebra. 


Conversely, Let us assume A is an S-coalgebra. Now to prove that A* is an S-algebra, we 
check the unit conditions as follows 


Re Ais wet ag AA: 
We check the multiplication conditions as follows A is a Cauchy module. Notice that 


A®pA—R, 
AZ ASQRASRR 
LL: AQpA eS A 


EE A) Ace Aen At 3 Pi AY tS Ae. 


@rA—> ROR A* ay 


Thus, A* is an S-algebra. By definition, R is a smarandache R-module. 


Theorem 3.2 Let R be an R-module. Then there exists a proper subset Endsg(M)* of R which 


is an S-algebra. 


Proof Let us assume that R be an R-module. For proving that Ends(M) is an S-coalgebra 
which satisfies multiplication and unit conditions uw: Endg(M)@r Ends(M) — Ends(M) and 
n:R— Endg(M), we check the comultiplication condition as follows: 


lena(M)@n 
)®r 


A: Ends(M) & Ends(M Ends(M) ®r Ends(M). 


Next, we check the counit conditions as follows: 


lena(mM)®n 
— 


é€:Endg(M) ® Ends(M)@rR Ends(M) ®r Ends(M) 


=25 Homr(M, M) @z Homr(M, M) 


weg 


28° (M’ @r M) @p(M’ @p M) R®RR—=R. 


Thus Endgs(M) is an S-coalgebra. By Theorem 3.1, Ends(M)* is an S-algebra. Hence, R is a 
Smarandache R-module. 


Theorem 3.3 Let R be an R-module. Then there exists a proper subset M ®p M* of R which 


is an S-algebra. 


Proof For proving that M ®pr M* is an S-algebra, we check the multiplication and unit 
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conditions as follows: 


R 


pw: (M @R M*)@(M @R M*) = M ®r(M* @rM) rR M* 
IupmM@1u M ®RR®ORM* 
1m@ym M @p M*. 


As M is a Cauchy module, we have 


n: R— Ends(M) => M @p M*, 


which implies that MM ®@p M* is an S-algebra. Hence, R is a Smarandache R-module. 


Theorem 3.4 Let R be an R-module. Then there exists a proper subset the datum [R, M, N,(,) pr] 
a morita contett (M ®prN)* of R which is an S-algebra. 


Proof Let us assume that R be an R-module. For proving that M @p N is an S-algebra, 


we have 


u:(M @rN)@r(M @RN) = M @r(N @rRM)@RN 
a M @rRORN — MORN, 


which shows that the multiplication condition is satisfied. 
Also, since M and N are Cauchy R-modules, there exist maps 
nEndeg(M):R—> M*®rM and nEnds(N): R- N* @RN 


that can be used to prove the unit condition as follows: 


nEnds(M)@nEnds(N) 


n:RERORR — (M* ®r M) @r(N* @rN) 
ee (M* @p N*)@p(M @RN) 
Mey (M @pN)* @p(M @RN) 
neon R* @p(M @RN) 
Jey R@r(M @RN) = (M@RN), 


which implies that IM ®pR N is an S-algebra. By definition, R is a Smarandache R-module. 


Theorem 3.5 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, (,)R] 
a morita contertt M ®rN of R which is an S-coalgebra. 


Proof Let us assume that R be an R-module. For proving that (14®prWN) is an S-coalgebra, 
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we have 
A:M®@rN = (M @r N) @r (R@r) 
Im@n @nEnds(M)@nEnds(N) (M* Qr M) Qr (N* Qr N) 

1 fa 

wen? (M @RN)®r(M @RN) OR (M* SR N*) 
Imen®® (M @prN)@r(M ®rN)®r(M @pz N)* 

Hiseeyes (M @pN)@r(M @rN) ORR 
oe (M @®rN)@r(M @RQN). 


Also, we have the counit condition as follows: 


Einds(M 
e:M@pN aw (M @p N) @p R MONEE (1 @p N) Op (M* @RM) 
(RginreM Pep M* Oa M = M* @nM © R, 


which implies that => M ®RN is an S-coalgebra. Hence, R is a Smarandache R-module. 


Theorem 3.6 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, (,)R] 
a Morita context iff M ®rN is an S-bialgebra. 


Proof First, if M @pN is an S-bialgebra by Theorem 3.5, we know that M @pR N is an 
S-algebra and M @pR N is an S-coalgebra. Hence by definition, R is a Smarandache R-module. 
If M ®Rr N is an S-bialgebra, we have the map 


Ee=(.)r:M@rN-R. 


Associativity of the map ¢ = (,)r holds because the diagram 
(M @pN)@pM => M@pR(N @RM) 


e@ly\, / im @®e 
M 


is commutative. Hence the datum [R, M, N, (,)R] is a Morita context. 
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Abstract: Let k be a positive integer. A graph G = (V, E) is said to be a Hy - connected 
graph if for any given subset S of V(G) with |S| = k, the subgraph induced by S is connected. 
In this paper, we explore some properties of II, - connectedness and its minimality conditions 


with respect to other graph theoretic parameters. 
Key Words: Graph, subgraph, II, - connected graph, minimal I,-connected graph. 


AMS(2010): 05C15, 05C69. 


§1. Introduction 


In this article, we consider finite, undirected, simple and connected graphs G = (V, FE) with 
vertex set V and edge set E. As such p =| V | and g =| E'| denote the number of vertices and 
edges of a graph G, respectively. In general, we use (X) to denote the sub graph induced by the 
set of vertices X C V. N(v) and N[v] denote the open and closed neighborhoods of a vertex 
v, respectively. A non-trivial graph G is called connected if any two of its vertices are linked 
by a path in G. A graph G is called n-connected (for n € N) if |V(G)| > n and G — X(the 
graph that results from removing all vertices in X and all edges incident with these vertices) is 
connected for any vertex set X C V(G) with |X| <n. The greatest integer n such that G is n 
- connected is called the connectivity «(G) of G. A cut-edge or cut-vertex of G is an edge or 
a vertex whose deletion increases the number of components. Unless mentioned otherwise for 
terminology and notation the reader may refer [1] and [5]. 

The general problem consists of selecting a set of land parcels for conservation to ensure 
species availability. This problem is also related to site selection, reserve network design and 
corridor design. Biologists have highlighted the importance of addressing negative ecological 
impacts of habitats fragmentation when selecting parcels for conservation. Ways to increase 
the spatial coherence among the set of parcels selected for conservation have been investigated. 
Conservation planning via II, -connected graph model is an important conservation method, in 
this model they increase the genetic diversity and allow greater mobility for better response to 
predation and stochastic events such as fire, as well as long term climate change. This motivated 


us to study I, - connectedness in the following manner: 
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For any positive integer k. A graph G is said to be a I, - connected graph if for any given 
subset S of V(G) with |S| =k, the subgraph induced by S' is connected. 


For more detail, we refer [2]-[4], [6]— [10] and [13]. 


§2. II,-Connected Graphs 


Proposition 2.1 For any graph G with p> 1 vertices is a I, - connected graph. 
Proposition 2.2 For a given p > 3 vertices, there exist a Il3 - connected graph of a graph G. 


Proof Removal of t independent edges from a complete graph on p vertices results into a 


Iz - connected graph, where 0 < t < § if p is even and 0 <t< po if p is odd. 


Proposition 2.3 Let € be the number of edges required to make a totally disconnected graph 
which is a II3 - connected graph and hence 


2 
p_—2p ; ; 
—— if p is even 


E(K, ) = 2 
_ pupil if p is odd 


For a complete bipartite graph Km», the number of edges to be added to make it a Il3 - connected 
graph is given by E(Km) +€(Kn). 


Proposition 2.4 In general the number of edges required to make complete n- partite graph 


Ku, ,29,23,...,2, 08 @113 - connected graph is given by 


CCB) + €(Kx2) aT + &(Ke,). 


Proposition 2.5 The complete bipartite graph Km 1s a II3 - connected graph ifm = 1,2 and 
n= 1,2. 


Theorem 2.1 For any graph G with p > 3 vertices is a Ig - connected graph if and only if 
deg(v;) > p— 2 for all vu; € V(G). 


Proof Let G be a II3 - connected graph. Suppose on contrary, there exists v; such that 
deg(v;) < p—3. Let v; and v2 be any two vertices which are not adjacent to v,;, thus the graph 
induced by v1, v2 and v; is not connected, which is a contradiction. Hence deg(v;) > p — 2 for 
all vu; € G. 


Conversely, suppose deg(v;) > p—2 for all v; € G, let v1, v2, v3 be any three vertices. Then 
v1, is adjacent to at least one of vg and v3. v2 is adjacent to at least one of vj and v3. Also v3 


is adjacent to at least one of v; and ve. Therefore G is a Iz - connected graph. 
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Theorem 2.2 If a graph G is a I,- connected graph, then 


t if p=t(k—-1)+1 


6(G) 2 
t+1 if p=t(k-l)+r4+l11l<r<k-2 


Proof Let G be a II, connected graph with p = t(k — 1) +1 vertices. Suppose on contrary 
that 6(G) = s < t. Let v be a vertex with deg(v) = s. Now we partition the remaining p — 1 
vertices into t vertex disjoint sets such that each set contains a vertex adjacent to v. Since 
s <t, there exists at least one set N which has no vertex adjacent to v. Then (N U {v}) isa 
disconnected subgraph on k vertices, which is a contradiction. 

Now, let p— 1 = t(k —1)+,r. Suppose on contrary that 6(G) = s <t+1, let vu bea 
vertex such that deg(v) = s. Now partition the remaining p — 1 vertices excluding the vertex v 
in ¢+ 1 number of vertex disjoint subsets having t subsets with cardinality k — 1 and one with 
cardinality r in such a way that each subset contains exactly one vertex adjacent to v. Since 
deg(v) <t+1, there exist at least one subset having no vertex adjacent to v. If the cardinality 
of such a subset, say T’ is k— 1 then (TU {v}) is a disconnected subgraph on k - vertices, again 
a contradiction. If the cardinality of such a subset, say D is r, then take a vertex which is 
adjacent to v from a subset A with cardinality k —1 to D and any one vertex from D to A, then 
(AU {v}) is a disconnected subgraph which is induced by & - vertices, a contradiction. Hence 


t if p—1=t(k—1) 
t+1 if p—-l=t(k-1)4+r1<r<k-2 


d(G) > 


Theorem 2.3 Let G be a Uy - connectedHence the result follows. Then G is a I,41 - connected 
graph with2<k<p-1. 


Proof On contrary, suppose G is a IIx, - connected graph but not a I,4, - connected 
one. Let S be set of k +1 vertices on which the graph induced has more than one component. 
Clearly a subset T consisting of & vertices on which the graph induced is disconnected which 
is a subgraph of G, which is a contradiction. Hence G is also a x41 - connected graph with 
2<k<p-l. 


Theorem 2.4 A graph G is a Uy-connected graph for all k, 1 < k < p if and only if G is 


isomorphic to Ky. 


Proof Let G be a IIx - connected graph for all k, 1 << k < p. Clearly G is isomorphic to a 
complete graph K, as G is a IIz - connected graph. 

On the other hand, let G be a complete graph on p vertices. In Kp, every pair of vertices 
are adjacent. Hence G is a IIz - connected graph. As we have proved, every IIz - connected 
graph is II, - connected graph for all t, 3<t< p. Therefore G is a IIx - connected graph with 
l<k<p. 


Theorem 2.5 For any Square tree T? of a tree T with diameter d(T) > 5 is a Ip—1 - connected 
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graph. 


Proof Let T be any tree with diameter d(T) > 5. Consider any four non pendent vertices 
VUi41, Vit2, Vi+3, Vi+4 in T such that Vi+1 is adjacent to Uj4+2, Vi+2 is adjacent to Vi+3, Vi+3 is 
adjacent to vj+4, then in square of T, uj+2 is adjacent to vj41, Vi43, Vita and U;43 is adjacent 
to Ui41, Vit2, Vita. Removal of vj+2 and vj+3 disconnects the square and since no vertex is a 
cut vertex, removal of any one vertex does not disconnect T?. Hence square of any tree T with 


diameter d(T’) > 5 is a II,-1 - connected graph. 


Proposition 2.6 For any integer m > 1, Kim, Kim are IIz - connected graphs. 


Proof Let Ky, be any star. Then the square of a star is a complete graph on m+ 1 


vertices and hence a II, - connected graph. 


§3. Minimality Conditions on I],-Connected Graphs 


A II, - connected graph G is said to be a vertex minimal I, - connected graph if G is not a 
II,_1 - connected graph. A vertex minimal II, - connected graph G is said to be a partially 
vertex - edge minimal I, - connected graph if G — e is not a I, - connected graph for some 
e € E(G). A vertex minimal I], - connected graph G is said to be a totally vertex - edge 
minimal I, - connected graph if G — e is not a II, - connected graph for every e € E(G). For 
more details, refer [12]. 


Proposition 3.1 For any cycle Cy; p > 4 vertices, the number of edges to be added to make tt 
a IIg - connected graph is given by 


2 
vi . : 
pS if p is even 


DEED Soph d > ; 
pay if p is odd 


where, the equality holds when the resulting graph is a partially vertex - edge minimal Is - 


connected graph. 


Proof Let Cy; p > 4 vertices be a cycle. Then we have the following cases. 


Case 1. Suppose p is even. In any II3 - connected graph, the degree each vertex is at least 
p—2. Hence the number of edges in any II3 - connected graph is always greater than or 
equal to ? (p > 2) Therefore the number of edges to be added to C, is greater than or equal to 


2 2 
DoH 2p og = Spe —4p 
2 | i ae 


Case 2. Suppose p is odd. In any II3 - connected graph on odd number of vertices, the degree 
of each of the p — 1 vertices is at least p — 2 and the degree of one vertex is p— 1. Hence the 
number of edges in any IT3 - connected graph on odd number of vertices is always greater than 


(p = Hence the number of edges to be added to C, is greater than or equal to 
p?—4p+1 
eee 


or equal to 


2 
p_—2pt+1 = 
a —p 
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Proposition 3.2 For any path Py; p > 4 vertices, the number of edges to be added to make tt 


a II3 - connected graph is given by 


2 
p_—4p ; : 
rae ge if p is even 


eS ot ca 
pope +1 if pis odd 


where the equality holds when the resulting graph is a partially vertex - edge minimal II3 - 


connected graph. 


Proof The proof follows on the same lines as in the above proposition. 


Theorem 3.1 A connected graph G is a vertex minimal I, - connected graph if and only if it 


has at least one cut vertex. 


Proof Let a connected graph G be a II, - connected graph, that is, G is not a Hp_1 - 
connected graph. There exist a vertex v such that the graph induced by V(G)—v is disconnected. 
Hence v is cut vertex. Conversely, let G be a connected graph with a cut vertex, say v, therefore 
the subgraph induced by the vertices V(G) — v is disconnected. Hence the graph G is a vertex 


minimal II, - connected graph. 


Theorem 3.2 For a given k = 21+ 1, 1 > 3, there exists I, - connected graph. 


Proof Let k = 21+ 1, | => 3 and G be a II3 - connected graph on k — 3 vertices with 
V(G) = {1,2,3,--- ,k-3} and let G’ be a graph with V(G’) = {1,2,3,--- ,k—3, kK—2} obtained 
by adding a vertex k — 2 and making it adjacent to all the vertices of G. Now take prism of GC. 
label the vertices of second copy of G’ in the prism as {f (1), f(2), f(3),--: , f(k—3), f(k—2)} 
such that f(z) is the mirror image of i and remove the edge (k — 2, f(k—2)) from the prism. In 
the resulting graph H (say), the subgraph induced by any subset S C V(H)/{k— 2, f(k —2)} 
containing k — 1 vertices is connected. The subgraph induced by V(G) U {k — 2, f(k — 2)} 
disconnected on k —-3+1+1=k-—1 vertices and hence every subgraph induced by k vertices 


is connected. Hence H is II, - connected. 


Observation 3.1 The graph obtained in the above theorem is regular when G is a partially 


vertex - edge minimal I3 - connected graph, which is having even order. 


Figure 1. Prism of a II3 - connected graph having odd order 
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For illustration, we construct the above prism of a II3 - connected graph having odd order, 
where prism of a graph G is defined as the cartesian product G x Ko; that is, take two disjoint 
copies of G and add a matching joining the corresponding vertices in the two copies, [8]. 


Theorem 3.3 For any verter minimal I, - connected graph can be embedded in a vertex 
minimal IIp4; - connected graph, where i > 0. 


Proof Let G, and G2 be two vertex minimal II, and I,4; - connected graphs. Now we 
construct a vertex minimal II,4; - connected graph in which G, is an induced vertex minimal 
II, - connected subgraph. Make each vertex of G; adjacent to each vertex in Gz and let the 
resulting graph be G. Let S' be any set of k+7 vertices from G. In the following cases we prove 
the graph induced by S is connected. 


Case 1. Suppose SN V(Gi) 1 V(G2) 4 @, then the graph induced by S' is connected since 
each vertex in S™V(G_) is adjacent to every vertex of SM V(G2). 


Case 2. Suppose SNV(G1) 4 @ and SNV(G2) = @, then |S| > k and S C V(G}), the graph 
induced by S is connected as G, is vertex minimal I]; - connected. 


Case 3. Suppose SNV (Gi) = @ and SNV (G2) ¥ ©, then the graph induced by S is connected 
since S is completely contained in V(G2) and Gp» is a vertex minimal II,4; - connected graph. 
In all the three cases the graph induced by S' is connected and G is not I,4;-1 - connected 
graph since G2 is a vertex minimal II,4; - connected graph. Hence the graph G is a vertex 
minimal II,,; - connected graph having vertex minimal I, - connected graph G, as its induced 
subgraph. 

Thus the result follows. 


Theorem 3.4 A connected graph G is a partially vertex - edge minimal II, - connected graph 


if and only if it has at least one cut edge. 


Proof Let G be a connected graph with a cut edge say e = uv. Here u is a cut vertex and 
also G — e is disconnected, hence G is a partially vertex - edge minimal II, - connected graph. 
Conversely, let G be a partially vertex - edge minimal II, - connected graph then G — e is not 


a II, - connected graph. Hence e is a cut edge. 


To prove our next result we make use of the following observations. 


Observation 3.2 Removal of § independent edges from a complete graph A, on even number 
of vertices results into a partially vertex - edge minimal IIs - connected graph having Pp?) 


edges. 


Observation 3.3 Removal of oot independent edges from a complete graph on odd number 
2 
of vertices results into a partially vertex - edge minimal II3 - connected graph having ey 


edges. 


Observation 3.4 Partially vertex - edge minimal II3 - connected graph having even order is 
a regular graph with regularity p — 2. 
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Theorem 3.5 Let Gi and Gz be two partially vertex - edge minimal IIg - connected graph. If 
V(G1) = V(G2), then Gy is isomorphic to Go. 


Proof Let G; and G2 be partially vertex - edge minimal II3 - connected graph having same 
order. Then, there are following cases: 


Case 1. Suppose p is even. As the graphs G and G2 are partially vertex - edge minimal I3 
connected graphs, deg(v) = p — 2, for allu € V(G,) and deg(v) = p—2 for allv € V(G2). 
Clearly G, is isomorphic to Go. 


Case 2. Suppose p is odd. As the graphs G; and G2 are partially vertex - edge minimal Is - 
connected graphs, in the graphs G, and G2 degree of each of p — 1 vertices is p— 2 and degree 


of one vertex is p— 1. Hence in this case also G; is isomorphic to Go. 


Theorem 3.6 Any graph G with order p is a totally verter - edge minimal II, - connected 


graph if and only if G is isomorphic to a tree on p vertices. 


Proof Let G be a graph of order p which is a strongly critical II, - connected graph, that 
is, G—e is not II, - connected for alle € V(G) and G is not a II,_; - connected graph. The 
first condition in a totally vertex - edge minimal II, - connected graph which implies that every 
edge in G is a bridge and the second condition in a totally vertex - edge minimal II, - connected 
graph which again implies that every vertex in G is a cut vertex, clearly G is isomorphic to a 
tree on p vertices. 

Conversely, let G is isomorphic to a tree on p vertices. Since every internal vertex is a cut 
vertex, we have a disconnected induced subgraph on p — 1 number of vertices and since every 
edge is a bridge, G — e is not a II,- connected graph for alle € V(G). Hence G is a totally 


vertex - edge minimal II, - connected graph. 


Theorem 3.7 Any graph G having even number of vertices is a totally vertex - edge minimal 
II3 - connected graph if and only if deg(v;) =p — 2 for all v; € V(G). 


Proof Let G be a totally vertex - edge minimal IT3 - connected graph on even number of 
vertices, implies deg(v) > p—2 for all v € V(G) from the Theorem 2.1. Suppose deg(v) > p—2 
for some v € V(G), ie., deg(v) = p—1. There exist a vertex w adjacent to v such that 
deg(w) = p—1. The graph G — vw is still a II3 - connected graph. Hence G is not a totally 
vertex - edge minimal II3 - connected graph, which is a contradiction. Hence deg(v) = p — 2 
for all v € V(G). 

Conversely, let G be a graph such that deg(v) = p — 2 for all v € V(G). For every vertex 


in G there exist an unique non adjacent vertex in G. Hence in G — e there exist two vertices 
say v and w non adjacent to some vertex say u. The graph induced by these three vertices is 


disconnected and hence the graph is a totally vertex - edge minimal II3 - connected graph. 


Observation 3.5 Any complete graph on p > 3 vertices is a 3 - connected graph but not a 
partially vertex - edge minimal and totally vertex - edge minimal Is - connected graph. 
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Abstract: A proper k-coloring is called a b-coloring if there exits a vertex (b-vertex) that 
has neighbour(s) in all other & — 1 color classes. The largest integer k for which G admits 
a b-coloring is called the b-chromatic number denoted as y(G). If b-coloring exists for every 
integer k satisfying y(G) < k < y(G) then G is called b-continuous. The b-spectrum S,(G) 
of a graph G is the set of k integers(colors) for which G has a b-coloring. We investigate 
b-chromatic number of the splitting graph of wheel and also discuss its b-continuity and 


b-spectrum. 
Key Words: b-Coloring, b-continuity, b-spectrum. 


AMS(2010): 05C15, 05C76. 


§1. Introduction 


A proper k-coloring of a graph G = (V(G), E(G)) is a mapping f : V(G) > {1,2,---,&} such 
that every two adjacent vertices receives different colors. The chromatic number of a graph 
G is denoted by y(G), is the minimum number for which G has a proper k-coloring. The set 
of vertices with a specific color is called a color class. A b-coloring of a graph G is a variant 
of proper k-coloring such that every color class has a vertex which is adjacent to at least one 
vertex in every other color classes and such a vertex is called a color dominating vertex. If vu 
is a color dominating vertex of color class c then we denote it as cdu(c) = v. The b-chromatic 
number y(G) is the largest integer k such that G admits a b-coloring with k colors. The 
concept of b-coloring was originated by Irving and Manlove [1] and they also observed that 
every coloring of a graph G with x (G) colors is obviously a b-coloring. In the same paper they 
have introduced the concepts of b-continuity and b-spectrum. If the b-coloring exists for every 
integer k satisfying y (G) < k < y(G) then G is called b-continuous and the b-spectrum S,(G) 
of a graph G is the set of k integers(colors) for which G has a b-coloring. Kouider and Maheé [2] 
have obtained lower and upper bounds for the b-chromatic number of the cartesian products of 
two graphs while Vaidya and Shukla [3,4,5,6] have investigated b-chromatic numbers for various 
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graph families. The concept of b-coloring has been extensively studied by Faik [7], Kratochvil 
et al.[8], Alkhateeb [9] and Balakrishnan et al. [10]. 


Definition 1.1 The splitting graph S'(G) of a graph G is obtained by adding new vertex v' 
corresponding to each verter v of G such that N(v) = N(v’), where N(v) and N(v’) are the 
neighborhood sets of v and v' respectively in S’(G). 


Here we investigate b-chromatic number for splitting graph of wheel. 


Definition 1.2({1]) The m-degree of a graph G, denoted by m(G), is the largest integer m such 


that G has m vertices of degree at least m — 1. 


Proposition 1.3([1]) Jf graph G admits a b-coloring with m-colors, then G must have at least 


m. vertices with degree at least m— 1. 


3, nis even 


Proposition 1.4 Let W, =C, + ki. Then y(W,,) = 
4, nis odd. 


Proposition 1.5({11]) x(G) < y(G) < m(G). 


Proposition 1.6([12]) For any graph G, x(G) > 3 if and only if G has an odd cycle. 


§2. Main Results 


Lemma 2.1 For a wheel Wy, 


4, nis odd 


3, nis even 


Proof Let vy, v2,...,Un be the rim vertices of wheel W,, which are duplicated by the 
vertices vj, U5,-..,U}, respectively and let v denotes the apex vertex of W,, which is duplicated 
by the vertex vu’. Let e1,€2,...,€n be the rim edges of W,,. Then the resultant graph S’|W,,] 
will have order 2(n + 1) and size 6n. 


Case 1. nis odd 


In this case S’[W,,] contains odd W,, as an induced subgraph. Since y(W,) = 4 > 
x[S"(Wn)] = 4, 


Case 2. 7 is even 


In this case S’[W,,] contains even W,, as an induced subgraph. Since x(W,) = 3 > 
xLS"(Wn)] = 3. 
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Theorem 2.2 For a wheel Wy, 


4, n= 

3, n= 
y[S'(Wr)]= | 5, n=5,6,8 

6, n= 

6, nog 


Proof To prove the result we continue with the terminology and notations used in Lemma 
2.1 and consider the following cases. 


Case l. n=3 


In this case the graph S’(W3) contains an odd cycle. Then by Proposition 1.6, y[S’(W3)] > 
3. As m[S'(W3)] = 4 and by Lemma 2.1, x[S’(W3)] = 4. We have 4 < y[S’(W3)] < 4 by 
Proposition 1.5. Thus, y[.S"(W3)] = 4. 


Case 2. n=4 


In this case the graph S’(W4) contains an odd cycle. Then by Proposition 1.6, y[S’(W4)] > 
3. As m[S"(W4)] = 5 and by Lemma 2.1 x[S"(W4)] = 3. Then by Proposition 1.5 we have 
3 < ¢[S"(W4)] <5. 

If y[S’(W4)] = 5 then by Proposition 1.3, the graph S’(W4) must have five vertices of 
degree at least 4 which is possible. But due to the adjacency of vertices of the graph S’(W4) 
any proper coloring with five colors have at least one color class which does not have color 
dominating vertices hence it will not be b-coloring for the graph $’(W4). Thus, y[S’(W4)] 4 5. 

Suppose y|[S’(W4)] = 4. Now consider the color class c = {1,2,3,4} and define the color 
function as f : V — {1,2,3,4} as f(v) =4= f(v’), flv) =1, fl(ve) = 2, f(y) =1, f(vs) = 
2, f(vs) = 3, f(v4,) = 3 which in turn forces to assign f(v3) = 1, f(v4) = 2. This proper 
coloring gives the color dominating vertices for color classes 1,2 and 4 but not for 3 which 
is contradiction to our assumption. Thus, y[S’(W4)] 4 4. Hence, we can color the graph by 
three colors. For b-coloring, consider the color class c = {1,2,3} and define the color function 
as f: V > {1,2,3} as fi) = 1 = f(r), fv) = 2 = f(vg), (vs) = 1 = f(s), flea) = 
2 = f(v4), fv) = 3 = fv’). This proper coloring gives the color dominating vertices as 
cdu(1) = v1, cdv(2) = v2, cdv(3) = v. Thus y[S’ (W4)] = 3. 


Case 3. n=5,6,8 
Subcase 3.1 n=5 


In this case the graph S’(Ws) contains an odd cycle. Then by Proposition 1.6, y[S’(Ws)] > 
3. As m[S’(Ws)] = 6 and by Lemma 2.1, x[S’(Ws)] = 4. Then by Proposition 1.5 we have 
4 < p(S'(Ws) < 6. 

If y(S"(Ws) = 6 then by Proposition 1.3, the graph 5S’(W5) must have six vertices of degree 
at least five which is possible. But due to the adjacency of vertices of the graph S’(W5) any 


proper coloring with six colors have at least one color class which does not have color dominating 
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vertices. Hence it will not be b-coloring for the graph S’(Ws). Thus, y(S’(Ws) 4 6. 

Suppose y(S’(Ws;) = 5. Now consider the color class ={1,2,3,4,5} and define the color 
function as f: V — {1,2,3,4,5} as f(v) =5 = fv’), f(v1) = 3, f(v2) = 1, (vs) = 2, f(va) = 
3, f(vs) = 4, f(v) = 2, f(vs) = 4, f(vs) = 4, f(v4) = 1, f(vs) = 1. This proper coloring gives 
the color dominating vertices as cdu(1) = v2, cdu(2) = v3, cdu(3) = va, cdu(4) = v5, cdv(5) = v. 
Thus, y(S’(Ws) = 5. 


Subcase 3.2 n=6,8 


In this case the graph $’(W,,) contains an odd cycle. Then by Proposition 1.6, y[S’(W,,)] > 
3. As m[S’(W,,)] = 7 and by Lemma 2.1, x[S’(W,,)] = 3. Then by Proposition 1.5 we have 
3 <¥[S'(Wr)] <7. 

If y[S’(W,,)] = 7 then by Proposition 1.3, the graph S’(W,,) must have seven vertices of 
degree at least six which is possible. But due to the adjacency of the vertices of graph $’(W,,) 
any proper coloring with seven colors have at least one color class which does not have color 
dominating vertices. Hence it will not be b-coloring for the graph S’(W,,). Thus, y[S’(W,,)] 4 7. 

Suppose y[S’(W,,)] = 6. Now consider the color class ={1, 2,3, 4, 5,6} and define the color 
function as f : V — {1,2,3,4,5,6} as f(v) =6 = flv’), f(v1) = 3, f(v2) = 1, f(vs) = 2, f(va) = 
3, f(us) = 4, fv) = 4, f(vs) = 4, f(vs) = 5, f(v4) = 5, f(vs) = 1 which in turn forces to assign 
f (ve) = 2, f(v§) = 1. This proper coloring gives the color dominating vertices for color classes 
1,2,3,4 and 6 but not for 5 which is contradiction to our assumption. Thus, y[S’(W,,)] 4 6. 

Suppose that $”’(W,,) has b-coloring with 5 colors. Now consider the color class ={1, 2,3, 4, 5} 
and define the color function as f : V(G) > {1,2,3,4,5} as f(v) =5 = f(v’), f(v1) = 3, f(ve) = 
1, f(vs) = 2 = f(vh), flvs) = 3 = Flo)), flus) = 4, f(v6) = 2, Flot) = 4, Fe) = 4 04) = 
1, f(vg) = 1. This proper coloring gives the color dominating vertices as cdu(1) = v2, cdu(2) = 
v3, cdu(3) = va, cdv(4) = us, cdu(5) = v. Thus, y[S’(W,,)] = 5. 


Case 4. n=7 


In this case the graph S’(W7) contains an odd cycle. Then by Proposition 1.6, y[S’(W7)] > 
3. As m[S’(W7)| = 7 and by Lemma 2.1, x[S’(W7)] = 4. Then by Proposition 1.5 we have 
4 < y[S'(W7)| <7. 

Suppose y[S’(W7)] = 7. Now consider the color class ={1,2,3,4,5,6,7} and define the 
color function as f : V > {1,2,3,4,5,6,7} as f(v) = 7, f(v’) = 6, f(ur) = 5, f(ve) = 1, f(vs) = 
2, f(va) = 3, f(us) = 1, F(ve) = 4, F(vr) = 1, F(v2) = 4, Flvs) = 4, F(a) = 5, f(s) = 5, fe) = 
4 which in turn forces to assign f(v7) = 2, f(v4) = 3. This proper coloring gives the color 
dominating vertices for color classes 1,2,3,4 and 5 but not for 6 and 7 which is contradiction 
to our assumption. Thus, y[S’(W7)] 4 7. 

Suppose that $’(W7) has b-coloring with 6 colors. Now consider the color class ={1, 2, 3, 4, 
5,6} and define the color function f : V — {1,2,3,4,5,6} as fv) = 6 = f(v’), fur) = 
3, f(ve) = 1, f(vs) = 2, f(va) = 3, f(us) = 4, Fve) = 2, flu7) = 5, F(vr) = 4, Fv) = 4, Flv) = 
5, f(v4) = 5, f(vs) = 1, f(v6) = 1, f(vt) = 5. This proper coloring gives the color dominating 
vertices as cdu(1) = v2, cdu(2) = v3, cdv(3) = v4, cdv(4) = v5, cdv(5) = v7, cdv(6) = v. Thus, 
y[S'(W7)] = 6. 
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Case 5. n>9 


For n = 9, the graph $’(Wo) contains an odd cycle. Then by Proposition 1.6, y[S’(W5)] > 
3. As m[S’(Wo9)| = 7 and by Lemma 2.1, x[S’(W7)] = 4. Then by Proposition 1.5 we have 
4 < y[S'(W7)] < 7. 

Suppose y|[.S’(W5)| = 7. Consider the color class ={1,2,3,4,5,6,7} and define the color 
function f : V — {1,2,3,4,5, 6,7} as f(v) = 6, f(v’) = 7, f(v1) = 3, f(v2) = 1, f(v3) = 
2, flva) = 3, (vs) = 4, fee) = 1, Fol) = 4, Fh) = 4, (04) = 5, FW) = 5, Fob) = 1, FO) = 
2, f(v7) = 5, f(v4) = 5, f(vs) = 3, f(vg) = 4 which in turn forces to assign f(v9) = 2 = f (v9). 
This proper coloring gives the color dominating vertices for color classes 1,2,3,4 and 5 but not 
for 6 and 7 which is contradiction to our assumption. Thus, y[S”(W9)] 4 7. 

Suppose that 5”(Wo) has b-coloring with 6 colors. Consider the color class ={1, 2,3, 4,5, 6} 
and define the color function f : V — {1,2,3,4,5,6} as f(v) =6 = f(v’), f(vi) = 3, f(ve) = 
1, f(vs) = 2, f(va) = 3, flus) = 4, f(ve) = 2, f(v7) = 5, f(vs) = 3, F(vo) = 1 = flvg), f(r) = 
4, f(vg) = 4, f(vs) = 5, f(v4) = 5, f(us) = 1, f(vg) = 1, f(vz) = 5, f(vg) = 4. This proper 
coloring gives the color dominating vertices as cdv(1) = v2, cdu(2) = v3, cdv(3) = v4, cdu(4) = 
us, cdu(5) = v7, cdv(6) = v. Thus, y[S’(Wo)] = 6. 

For n > 9, we repeat the colors as in the above graph $’(W5)for the vertices {v1, v2,..., U9, 
U4, U5,---,U9, 0, U'} and for the remaining vertices assign the colors as f(v) = 6 = f(v’), f(vsk-+7) 
=1= f(v3_47)) f (users) = 2 = f(v3,49) where k € N. Hence, y[S’(Wo)] = 6, for all n > 9. 


Theorem 2.3 Let W,, be a wheel. Then, S’(W,,) is b-continuous. 


Proof To prove this result we continue with the terminology and notations used in Lemma 
2.1 and consider the following cases. 
Case l. n=3 
In this case the graph S’(W3) is b-continuous as y[S’(W3)] = y[S”(W3)] = 4. 
Case 2. n=4 
In this case the graph $’(W4) is b-continuous as y[S’(W4)] = y[S”(W4)] = 3. 
Case 3. n=5 


In this case by Lemma 2.1, x[S’(W5)] = 4 and by Theorem-2.2, y[S’(W5)] = 5. Hence, 
b-coloring exists for every integer satisfying y[S’(Ws)] < k < y[S’(Ws)|(Here k = 4,5). Thus, 
S’(Ws) is b-continuous. 


Case 4. n=6 


In this case by Lemma 2.1, x[S’(We)] = 3 and by Theorem-2.2, y[.S’(We)] = 5. It is 
obvious that b-coloring for the graph $’(Wg) is possible using the number of colors k = 3,5. 
Now for k = 4 the b-coloring for the graph S’(W6) is as follows. 

Consider the color class ={1,2,3,4} and define the color function f : V — {1,2,3,4} as 
fv) = fv’) = 4, for) = f(r) = 3, f(v2) = f(v2) = 1, flvs) = f(s) = 2, f(va) = f(v4) = 
3, f(us) = f(vs) = 1, f(ve) = f(vg) = 2. This proper coloring gives the color dominating 
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vertices as cdu(1) = v2, cdv(2) = v3, cdu(3) = v4, cdu(4) = v. Thus, S’(We) is four colorable. 
Hence b-coloring exists for every integer k satisfy x[S”(We)] < k < p[S’(We)] (Here & = 3, 4,5). 
Consequently 5S”(We) is b-continuous. 


Case 5. n=7 


By Lemma 2.1, x[S’(W7)] = 4 and by Theorem 2.2, y[S’(W7)] = 6. It is obvious that 
b-coloring for the graph S’(W7) is possible using the number of colors k = 4,6. Now for k = 5 
the b-coloring for the graph S’(W7) is as follows. 

Consider the color class ={1, 2,3,4,5} and define the color function f : V — {1,2,3, 4,5} 
as f(v) = f(v') = 5, f(r) = 3, Fol) = 4, (v2) = 1, Fos) = 4, f(vs) = 2, Fos) = 2, fea) = 
3, f(v4) = 1, f(vs) = 4, f(vs) = 1, flue) = 2, fv) = 2, f(v7) = 1 = f(vt). This proper 
coloring gives the color dominating vertices as cdu(1) = v2, cdu(2) = v3, cdu(3) = v4, cdv(4) = 
us, cdv(5) = v. Thus, S’(W7) is five colorable. Hence, b-coloring exists for every integer k 
satisfy y[S’(W7)] <k < y[S’(W7)]|(Here k = 4,5,6). Hence S’(W7) is b-continuous. 


Case 6. n=8 


By Lemma 2.1, x[S’(Wg)] = 3 and by Theorem 2.2,y[5’(Wsg)] = 5. It is obvious that 
b-coloring for the graph S’(Ws) is possible using the number of colors k = 3,5. Now for k = 4 
the b-coloring for the graph S’(Ws) is as follows. 

Consider the color class ={1,2,3,4} and define the color function as f : V > {1,2,3,4} 
as f(v) = fv’) = 4, f(r) = 3 = f(v}), f(ve) = 1 = f(r), fvs) = 2 = f(v§), f(a) = 3 = 
Ff (v4), fvs) = 1 = f (v5), F(ve) = 2 = flv), (v7) = 1 = f(v7), fvs) = 2 = f(vg). This proper 
coloring gives the color dominating vertices as cdu(1) = v2, cdu(2) = v3, cdu(3) = v4, cdu(4) = v. 
Thus, 5’(Ws) is four colorable. Hence, b-coloring exists for every integer k satisfy y[S’(Ws)] < 
k < y[S"(Ws)](Here k = 3,4,5). Thus, S’(Wg) is b-continuous. 


Case 7. n>9 


For n = 9, by Lemma 2.1, y[S’(W5)] = 4 and by Theorem 2.2,y[S’(Wo)] = 6. It is obvious 
that b-coloring for the graph S’(Wg) is possible using the number of colors k = 4,6. Now for 
k, = 5 the b-coloring for the graph S’(Wo) is as follows. 

Consider the color class ={1, 2,3, 4,5} and define the color function as f : V > {1,2,3, 4,5} 
as f(v) = f(v') = 5, f(r) = 3, Flo) = 4, (v2) = 1, Flos) = 4, F(vs) = 2, Fvh) = 2, fea) = 
3, Fuh) = 1, flvs) = 4, (6) = 1, flee) = 2, Flos) = 2 flor) = 1 = F004), f(es) = 2, f(04) = 
2, f(v9) = f(v§) = 1. This proper coloring gives the color dominating vertices as cdv(1) = 
v2, cdu(2) = v3, cdv(3) = va, cdv(4) = v5, cdv(5) = v. Thus, S’(Wo) is five colorable. Hence, 
b-coloring exists for every integer k satisfy y[S’(Wo)] < k < y[S"(Wo)](Here k = 4,5,6). Hence, 
S’(Wo) is b-continuous. 

For odd n > 9, we repeat the colors as in S’(W9) for the vertices {v1, v2, V9,-.., U4, Ud; 
...,U'9, v, v'} and for the remaining vertices gives the colors as follows: 


When k = 5, f(v') = f(v) =5, f(use+7) = f(v'set7) = 1, f(vsres) = f(v'srts) = 2, k € 
N. 


For even n > 9, we repeat the color assignment as in case n = 8 discussed above for the 


vertices {v, v’, U1,...,Ug,U{,U9,---,Ug} and for remaining vertices gives the colors as follows: 


b-Chromatic Number of Splitting Graph of Wheel 


When k = 4, f(v’) = f(v) = 4, f(voet7) = 1 = f(v'oet7), Flv2e+s) = 2 = f(v'2ns 
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18),k € 


N and when k = 5, f(v') = f(v) =5, f(varts) =1= f(v'an+8), f(v2erto) = 2 = f(v’an+o), k € 


N. 


Any coloring with x(G) is a b-coloring, we state the following obvious result. 


Corollary 2.4 Let W,, be a wheel. Then 


§3. 


{4}, 
{3}, 
{4, 5} 
So[S"(Wr)] = 4 {3,4,5}, 
{4,5, 6}, 
{4,5, 6} 
{3, 4,5} 


Concluding Remarks 


n=3 
n=A 
n=5 
n= 6,8 
n=7 


for oddn > 9 


for evenn > 9 


A discussion about b-coloring of wheel is carried out by Alkhateeb [9] while we investigate 


b-chromatic number of splitting graph of wheel. We also obtain b-spectrum and show that 


splitting graph of wheel is b-continuous. 
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Abstract: The connected eccentricity index and the eccentric connectivity index of a graph 


G is respectively defined by 


ce d Cc 

eG) = Sy SH and (1G) = YO deg(e) ecolv), 
vevV(G) vevV(G) 

where ecc(v) is the eccentricity of a vertex v in G. In this paper, we have obtained the bounds 

for connective eccentricity index of those generalized complementary prisms and eccentric 


connective index of duplication of some graphs. 
Key Words: Eccentricity, radius, diameter, complementary prism. 


AMS(2010): 05C15, 05C38. 


§1. Introduction 


Throughout this paper all graphs we considered are simple and connected. For a vertex uv € 
V(G), deg(v) denotes the degree of v,6(G) and A(G) represent the minimum and maximum 
degree of G respectively. For vertices u,v € V(G), the distance d(u, v) is defined as the length of 
the shortest path between u and v in G. The eccentricity ecc(v) of a vertex v is the maximum 
among the distance from v to the remaining vertices of G. The diameter d(G) of the graph 
G is the maximum eccentricity of the vertices of G, while the radius r(G) of the graph G is 
the minimum eccentricity of the vertices of G. The total eccentricity of the graph G, denoted 
by €(G) is defined as the sum of eccentricities of all the vertices of the graph G. That is 
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&(G)= > ecc(v). The eccentric connectivity index of G, denoted by €°(G) is defined as 


E(G) = S- deg(v) ecc(v). 


vEV(G) 


In [4], the connective eccentricity index (CEI) of a graph G was defined as 


&°°(G) = S- deg(v) 


Ve ecc(v) 


Kathiresan and Arockiaraj introduced some generalization of complementary prisms and 
studied the Wiener index of those generalized complementary prisms ([8]). 

Let G and H be any two graphs on p, and pz vertices, respectively and let R and S be 
subsets of V(G) = {u1, ue,...,Up,} and V(H) = {v1, v2,...,Up,} respectively. The comple- 
mentary product G(R)OH(S) has the vertex set {(ui,v;):1<7<pi,1 <j < po} and (ui, v;) 
and (up, vp) are adjacent in G(R)OHA(S) 


(1) ift=h,u, € Rand vjv, € E(A), or ifi=h,u; ¢ Rand vju, ¢ E(A) or 

(2) if 7 =k,v; € S and uu, € E(G), or if j =k, vj ¢ S and uzun ¢ E(G). 

In other words, G(R)OHA(S) is the graph formed by replacing each vertex u; € R of G 
by a copy of H, each vertex u; ¢ R of G by a copy of H, each vertex vj € S of H bya 
copy of G and each vertex v; ¢ S of H by a copy of G. If R = V(G) (respectively, S = 
V(H)), the complementary product can be written as GOH(S) (respectively, G(R)OH). The 
complementary prism GG obtained from G is GOK2(S) with |S$| = 1. That is, GG has a copy 
of G and a copy of G with a matching between the corresponding vertices. In GG, we have 


an edge vd for each vertex v in G. The authors of [?] consider this edge as K2 or Ky, or Po. 
By taking m copies of G and n copies of G, they generalize the complementary prism as a 
graph GOA(S), where H = Kmin (or Km) and S is a subset of V(H) having m vertices and 
H = Cm, (or P2m) whose vertex set is {v1, V2,...,Vam} and S = {v1,v3,..-,Vam—1} ([8]). 

Let G be a graph with vertex set V(G) and edge set E(G). The graph EV(G) obtained by 
duplicating each edge by a vertex of a graph G is defined as follows. The vertex set of EV(G) 
is V(G) U E(G). Two vertices x,y in the vertex set of EV(G) are adjacent in EV(G) in case 
one of the following holds: 


(1) # and y are adjacent vertices in G; 
(2) # is in V(G), y is in E(G) and a, y are incident in G. 
Motivated by these works, we have obtained the bounds for connective eccentric index of 


those generalized complimentary prisms and eccentric connective index of duplication of some 
graphs. 


Theorem 1.1([8]) For the complementary prism GG,r(GG) = 2 and 


2 ifd(G)=d(G)=2 


3 otherwise. 


d(GG) = 
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Theorem 1.2([8]) For any connected graph G with p > 2, 


2 if d(G) =d(G@) =2 andm=n=1 
d(Gm+n) = . 
3 otherwise. 


Theorem 1.3([8]) For any connected graph G with p > 2, 


d(Gan) = if d(G) = d(G) =2 andm=n=1 


3 otherwise. 


Theorem 1.4([8] ) For any connected graph G with p > 2, 


2m ifm>1 
U(Ghim)=4 2 ifm =1 and d(G) = d(G) =2 


3 otherwise. 


Theorem 1.5((8]) For any connected graph G with p => 2 d(Gi, m) = 2r+1 ifm = 2r > 2 and 


r is a positive integer. 


§2. Main Results 


Theorem 2.1 For any connected graph G on p vertices, 


p(p + 1) p(p +1) 


2 


<e°(G@)= 


Proof For any connected graph G on p vertices, by Theorem 1.1, GG € Fx2 while G € Fy 
and GG € Fy3 while G ¢ Foz. When GG € Fy, ecc(v) = 2 for all v € V(GG). So 


£°°(GG) = S- deg(v) _ 1 2 deg(v) = p(p + 1) 


_ ecc(v) 2 = 2 
veV (GG) veéV(GG) 


When GG € Fy3,2 < ecc(v) < 3 for all v € V(GG). This implies that 


for all v € V(GG) and hence 
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for all v € V(GG). Therefore 


deg(v) deg(v) deg(v) 
< x 
DE age ee eg es a 
vEV(GG) veEV(GG) veEV(GG) 
Thus 1 1 


Theorem 2.2 For any connected graph G on p vertices and q edges with m,n > 1 
2 + + 
mov a6) +(*S")] seen ste-nnva(s) (2) 


Proof The number of edges in Gin is (m — n)q + n(8) + ($"). By Theorem 1.2, 
Gm+n € Fo2 when m= 1,n=1 and Gmin € Fo3 otherwise. Hence by Theorem 1.2, the result 


follows. 


Theorem 2.3 For any connected graph G on p vertices and q edges, 


5 [om — natn (2) + nn] < £*(Gmnn) (m= nda +n (2) + mn, 


Proof The number of edges in Gimp is 


(m—n)q+ n(2) +mn. 


By Theorem 1.3, Gnn € Fo when m = n = 1 and Gyn € Fo3 otherwise. Hence by 


Theorem 2.1, the result follows. 


Theorem 2.4 For any connected graph G on p vertices and q edges, 


(2) +e(2-2) seven s2[(2) +0(2-2)] 


Proof In GP the number of edges is m($) +p(2m—1). By Theorem 1.4, r(G?,,,) =m 


m,m? m,m 


and d(GP, nm) = 2m. So 


and hence 
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Theorem 2.5 For any connected graph G on p vertices and for any even integer m > 2, 


2mp(p + 1) 
m+1 


4mp(p + 1) 


oa ce Cc < 


Proof For even integer m > 2, by Theorem 1.5, 
5 +1 Sece(v) <m-+1 


for all v € V(G¢, ,). Also the number of edges in Gf, ,, is m(}) + 2mp. Therefore 


m,m 


2 Pp ce Cc 2 P 
ea jn(2) + 2mp] BE" tG ai = yy fn(3) + 2p] 


and hence 
2mp 


m+1 


[p+ 1]. 


part So Gaga) 


m+ 2 


Now we determine the exact value of °(G) for some graph families. 


Proposition 2.6 For any n> 3, 


4(9n? — 16n +7), n is odd 
&(BV(P,)) = 42” | 
5(9n* — 16n + 8), n is even. 
Proof Let v1, v2,°-: ,Un be the vertices on the path and 21, %2,--- ,%n—1 be the vertices 


corresponding to the edges of the path P,,. Then, 


n—41, 1<i</2 n—41, 1<i</4 
ecc(v;) = sis [4] and ecc(2;) = L2 
4-1, || +1<i<n Us [f)/+1<i<n-1 
Also, 
2; i=1,n ‘ 
deg(v;) = and deg(%;) =2,1<i<n-l. 
4, 2<i<n-1 
Therefore 


€°(EV(P,)) = SS deg(v) ecc(v) 
veEV(EV(Pr)) 


n-1 n—1 


=4 S- ecc(y;) +4(n—1) +2 S- ecc(x;) 


1=2 i=1 
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eal n-1 
=4) (n-i)+4 SO (-1)+4(n-1) 
= atte 
eal n-1 
+2(n—1)+2)5 (n—-i)4+2 SS i 
= elgin 
eal n-1 
5 Ge eee i-4(n-1 [5 |) + 6(n 1) 
= isin 
eal n-1 
=6n (|| -1) -6 it6 SO i—4n+4+4|2] +6n—6 
2 ela} 
a n-1 
=6n(|5]-1)-12) +6) i+ 2n—244[2 I. 


[2] n=l 
=6n|=| =e + 12 4 iy 6+2n-2+4[2| 


=(6n+4)|2) -an+4—12 ja Ue +4) +0(“*) 


= (6n+4)| =| —4n+4—6|2| ([5| +1) +3n?-3n 


D 
= (6n — 2) S| —6| 2) +3n?-7m+4 


(9n?—16n+7), nis odd 
(9n? —16n+8), nis even. 


I 


i 
2 
i 
2 


Proposition 2.7 For any n> 3, 


. 3n? — n, n is odd 
E(EV(Cn)) = 4 | 
3n* + 2n, n is even. 
Proof Let v1,v2,-++ ,Un be the vertices on the cycle of length n and 21, %2,--- , 2p be the 


vertices corresponding to the edges of C,, so that vj2;, 2;vi41 € E(EV(C,)),1 <i <n, where 


Un+1 = v1. Then, 


teed n is odd nel n is odd 
(v1) = d ece(e:) =4 0) 
ecc(y;) = and ecc(x; _ or 
a n is even a4 n is even, for 1 <i<n. 


Also, deg(u;) = 4,1 <i<mnand deg(ax;) = 2,1<i<n. Therefore, 
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€°(EV(C),)) = SS deg(v) ecc(v) 


veEV(EV(C,)) 
= 4\— ecc(uj) + 2 S- ecc(x;) 
i=1 i=1 
4n (25+) +2n (4), — nis odd 
4n (4) + 2n (2°) ’ n is even 
3n? —n, n is odd 
3n? + 2n, n is even. 
Proposition 2.8 For any n> 2, 
6, n=2 
E(EV(Kn)) = 4 36, n=83 


Proof Let v1,v2,...,Un be the vertices of Ky, and 21, 22,...,%,,m = (i) be the vertices 
corresponding to the edges of K,,. Then ecc(v;) = 2 for 1 <i < nand ecc(a;) = 3 for 1 <i<m. 
Also deg(v;) = 2n — 2,1 <i<n and deg(x;) = 2,1 <i<m. Therefore, 


&°(EV(K,)) = oa deg(v) ecc(v) 


veéV(EV(Kn)) 
= S- deg(v;) ecc(v;) + S- deg(x;) ecc(x;) 
vi€V (EV (Kn)) 2i€V(EV(Kn)) 
= 2n(2n — 2) + 6m 
-1 
= An(n —1) + pnt) = 7n(n— 1). 


When n = 3,ecc(u;) = ecc(x;) = 2. Therefore €°(EV(K3)) = 36. When n = 2,ecc(v;) = 
ecc(x;) = 1 and deg(v;) = 2 for i = 1,2 and deg(x1) = 2. So €°(EV(Ko)) = 6. 


Proposition 2.9 The eccentric connectivity index of Ky» is 6n. 


Proof Let vo be the central vertex and vj, v2,...,Un be the pendent vertex of Ky,,. Let 
X1,%2,...,Lpy be the vertices corresponding to the edges of Ky, in EV(K1,,,). Then ecc(vo) = 1, 
ecc(v;) = 2,1 <i<n and ecc(x;) = 2,1 <i<n. Also deg(vo) = 2n and deg(v;) = deg(a;) = 2 
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for 1 <i<n. Therefore, 


E(EV(Kin)) = S- deg(v) ecc(v) 


neous n)) 


=2n+ Dob d= on 


t=1 


Proposition 2.10 For any n> 3, 


E(EV(Wn)) = 4 34n, n= 
36n, n>6 
Proof Let vg be the central vertex and vj, v2,...,Un be the vertices on the cycle of Wy. 


Let x;,1 <2< n be the vertices corresponding to the edges on the cycle and rn4;,1 <i<n 
be the vertices corresponding to the edges vguj,1 <i <n. 


Assume that n > 6. In EV(W,,), ecc(vo) = 2, ecc(v;) = ecc(x;) = 3,1 <i < nandecc(x;) = 
4.n+1 <i < 2n. Also deg(vo) = 2n,deg(v;) = 6,1 < i <n and deg(a;) = 2,1 <i < 2n. 
Therefore 


E(EV(Wn))= >> deg(v) ece(v) 


veV(EV(Wn)) 


= deg(vp) ecc(vo) + d deg(vi) ecc(vi) 


2n 
+ or x; )ecc(x;) +> deg(x;) ecc(a;) 
i=l i=nt+l1 


= 4n+ 18n + 6n + 8n = 36n. 


When n = 5,ecc(vo) = 2,ecc(u;) = 3,1 < i < n, ecc(a;) = 
E°(EV(W,,)) = 34n. When n = 38 and 4, ecc(vo) = 2,ecc(vj) = 
3,1 <7 < 2n and hence €°(EV(W,,)) = 28n. 


|} < 2n and hence 


i 
<i < n,ecc(a;) = 


Proposition 2.11 For any n> 2, 


27,2 13 . 
sn tn =, when n is odd 
EVEN) =o 
en? 4+n—A4, when n is even. 
Proof Let uy,u2,...,Un and v1, v2,...,Un be the vertices on the path of length n — 1. Let 


x; and y; be the duplicating vertices of the edges u;uj41 and v;,vj41 respectively, 1 <i<n-1 


Eccentric Connectivity and Connective Eccentric Indices of Graphs 


and z; be the duplicating vertex of the edge uju;,1 <i<n.In EV(L,), 


n+1-i, 1<i</[2 
ecc(uj) = [2] 
ecc(Un+1-i); [4] +1i<i<n, 
ecc(v;) = ecc(uj), 1<i<n, 
n+1-i, 1<i</[2 
ecc(a;,) = [2] 
ecc(an—i), [3] +1<i<n-l, 


ecc(y;) = ecc(a;),1<i<n-—1and 


n+1-i, 1<i</[2 
ecc(z;) = [2 
ecc(Zn+41-1); [4 +t1<i<n. 
Also, 
4, 1=1,n 
deg(u;) = deg(v;) = and deg(x;) = deg(yi) = deg(z:) = 2. 
6, 2<i<n-1 
Therefore, 


€°(EV(Ln)) = S- deg(v) ecc(v) 
ve€V(BV(Ln)) 


n-1 


=2 s deg(u;)ecc(u;) + 2 SS deg(x;)ecc(x;) 


t=1 t=1 


+ os deg(z;)ecc(z;) 


i=1 


= n-1 n 
= 16n+ 12 S- ecc(u;) + 453° ecc(x;) + 25° ecc(z;). 


When n is odd, 


£(EV(Ln)) = 16n +12 [in —2) (*E4) ih ue) 
vafo—1 (oe 
+(24) 


) 
a (H)va(ie 


= 16n + 6(n — 2)(n + 1) + 4(n — 3)(n — 1) 


2 


+2(0—Din+3) +n(u +3) +2 (“5+) (+) eUPe 
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When n is even, 
€°(EV(Ln)) = 16n + 12 [in —2) (“) +2 (1t2b 4 (“))| 
2 


ea) a 
ee) 


= 16n + 6(n? — 4) + 2(n — 1)(n + 2) + n(n + 4) 


Proposition 2.12 For any n> 3, 


i 6n? + 12n, n is odd 
€°(EV(C, 0 K1)) = 
6n? + 16n, n is even. 
Proof Let v1,v2,...,Un be the vertices in the cycle C, and u; be the pendent vertex 


attached at u;,1 <i <n, in C, o Ky. Let 2;,1 <i <n be the vertices corresponding to the 
edges of the cycle C,, and y;,1 < 7% <n be the vertices corresponding to the pendent edges of 
Cy, 0 Ky in EV(C,, 0 Ky). In EV(C, 0 Ky), for 1 <i<n, 


nth if n is odd 
ecc(v;) = ; 

nee if n is even, 

nts ifn is odd 
ecc(u;) = . 

a if n is even, 

nis ifn is odd 
ecc(a;,) = A and 

nee if n is even 
ecc(yi) = ecc(u;). 


Also deg(v;) = 6 and deg(u;) = deg(x;) = deg(yi;) =2,1<i<n. When n is odd, 


E°(EV(C, 0 K1)) = S- deg(v) ecc(v) 
vEV(EV(Cn0K1)) 


=6 3 ecc(v;) +4 3 ecc(u;) + 2 > ecc(x;) 
i=1 i=1 i=1 
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When n is even, 


E°(EV(C, 0 Ky)) = S- deg(v) ecc(v) 
veéV(EV(Cn0K1)) 


= 6 3 ecc(v;i) + 1s7 ecc(u;) +2 3 ecc(X;) 
i=1 i=1 i=1 


n+2 n+A4 n+2 
on ( : ) +an ( : ) +2n/ | 


= 6n? + 16n. 
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Abstract: In this article, one Galilean (or called Isotropic) plane moving relative to two 
other Galilean planes (or Isotropic Planes), one moving and the other fixed, was taken into 
consideration and the relation between the absolute, relative and sliding velocities of this 
movement and pole points were obtained. Also a canonical relative system for one-parameter 
Galilean planar motion was defined. In addition, Euler-Savary formula, which gives the 
relationship between the curvature of trajectory curves, was obtained with the help of this 


relative system. 
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§1. Introduction 


Galilean Geometry, is described by Yaglom, [1]. So far, many researcher has done a lot of studies 
as [2-4], etc in the Galilean Plane (or Isotropic Plane) and Galilean Space. Also, Euler-Savary’s 
formula is very famous theorem. It gives relation between curvature of roulette and curvatures 
of these base curve and rolling curve, [14]. It takes place in a lot of studies of engineering and 
mathematics. A few of them are studies worked by Alexander and Maddocks,|5], Buckley and 
Whitfield, [6], Dooner and Griffis, [7], Ito and Takahaski, [8], Pennock and Raje, [9]. 

In 1959, Miiller, [10]; defined one-parameter planar motion in the Euclidean plane E?. He 
studied the moving coordinate system and Euler-Savary’s formula during one parameter planar 
motions. Then, Ergin in 1991 and 1992, [11-[12]; considering the Lorentzian Plane L?, instead 
of the Euclidean plane E?, introduced the one parameter planar motion in the Lorentzian plane 
L? and gave the relations between both the velocities and accelerations and also defined the 
moving coordinate system. Furthermore, in 2002 Aytun [13] studied the Euler Savary formula 
for the one parameter Lorentzian motions as using Miiller’s Method [10]. And in 2003, Ikawa 
[14] gave the Euler-Savary formula on Minkowski without using Miiller’s Method [10]. 


1Received December 26, 2014, Accepted May 28, 2015. 
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In 1983, Otto Réschel, [15]; studied kinematics in the isotropic plane. He investigated 
fundamental properties of the point-paths, developed a formula analog to the wellknown formula 
of Euler-Savary and studied special motions: An isotropic elliptic motion and an isotropic four- 
bar-motion. And in 1985, he [16]; studied motions })/ 5°) in the isotropic plane. Given 
C? -curve k in the moving frame }> he found the enveloped curve ko in the fixed frame )>, 
and considered the correspondance between the isotropic curvatures A and Ag of k and ko. 
Then he investigated third - order properties of the point-paths. And then in 2013, Yiice, 
[17], considering the Galilean Plane G?, instead of the Euclidean Plane E? or instead of the 
Lorentzian Plane L?, defined one parameter planar Galilean motion in Galilean Plane G? analog 
[10] or [11]. Moreover, they analyzed the relationships between the absolute, relative and sliding 
velocities of one-parameter Galilean Planar motion as well as the related pole lines. 

Now we investigate the moving coordinate system and Euler Savary’s Formula during the 
one parameter planar Galilean motion in Galilean Plane G? analog [10] or [11] by using Miiller’s 
method. 


§2. Preliminaries 


In this section, the basic information about Galilean geometry which is described by Ya- 
glom, [1], will be given. 

Let {x} and {x’} be two relative frames and origin point O with velocity v on a line o 
move according to relative frame {x’}, that is, b(t) = b+ vt where t is time and 6 is coordinate 


of point O with respect to coordinate system {x’} at the moment t = 0 (see, Figure 1). 


b 
—— 0-9 A 
OOO 
O O' Uu——]————w~ 


Figure 1 The rectilinear motion 


Then, relation between coordinates of x and 2’ is 


ve = «+Db(t) (1) 
= £t+b+ut. (2) 


Also, since time would be t/ = t+ a (example, t is Gregorian calendar, t’ is Hijra calendar), we 
can write 
ve =axt+vtt+b 


t=tta. 


(3) 


This transformations (1.1) are called Galilean Transformations for rectilinear motions. If point 
A(a,t) with coordinate x and t of a (two-dimensional) plane xOt (see, Figure 2) represents 
position of point A (a) on a line o at time t, then two-dimensional Geometry which is invariant 


under the Galilean Transformations for rectilinear motions is obtained. 
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Figure 2 xOt plane 


So, this geometry is called the geometry of Galileo’s principle of relativity for rectilinear motions 
or two-dimensional Galilean geometry and is represented by G?. Since we shall only talk about 
the two-dimensional Galilean geometry in this work, we shall shortly call Galilean plane. If 
transformation (3) is arranged as x instead of t and y instead of x, we get 


ve =xt+a (4) 
y =ytvuat+od. 


This transformation (4) composed of the shear transformation 


t= 2 

Y=Ytve 
and the translation transformation 

vc’ =a+a 


y =yr +d. 
Theorem 2.1([1]) Transformation (4) maps 


1 


lines onto lines; 


=, CD, 


3) collinear segments AB, CD onto collinear segments A’ B',C’ D!’ with ge = aR? 


(1) 

(2) parallel lines onto parallel lines; 

(3) 

(4) a figure F onto a figure F’ of the same area. 


In the Galilean plane, the vectors {g1 = (1,0), g2 = (0,1)} are called orthogonal basis vec- 
tors of G?, and also a vector which is parallel to vector go is called special vector. If {gi,g2} are 
orthogonal basis vectors and a, b € G? whose coordinates are (x1, #2) and (y1, yz) according to 
this basis vectors {gi,g2}, respectively, then the Galilean inner product of vectors a,b € G? 


with respect to bases {gi,g2} is defined by 
(a,b)g = 2191 (7) 


(also you can see in [4]). If a,b are special vectors, then the Galilean special inner product of 
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special vectors is defined by 
(a,b); = roo. (8) 


Hence, the norm of every vector a = (21,22) € G? on the Galilean plane is denoted by |lal|¢ 


and is defined by 
llallg = (a a)g = |21 (9) 


and the norm of every special vector a = (0,22) € G? on the Galilean Plane is denoted by |lal|; 


and is defined by 
llalls = \/ (a,a)s = [xa]. (10) 


The distance between points A (21,22) and B (y1, y2) on the Galilean Plane is denoted by dag 


and is defined by 
dap = \/(AB, AB)g=y1-%1, (11) 


where y; > 21 (see, Figure 3). 


‘#] p P 


Figure 3 The distance between two points in G? 


¥ H 
Bi va¥) 
Ons 
+ A(x, .X ) 
———_.__-» 
Oo I x 


Figure 4 The special distance between two points 


That is, dap is equal to ||PP,|| in the sense of Euclidean Geometry. If the distance between 
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A(a1,22) and B (y1, y2) is equal to zero (a1 = y1), then special distance of the points A (x1, x2) 
and B (y1, y2) is denoted by 648 and is defined by 


dap = 1/ (AB, AB); = yo — £2 (12) 


here yg > 2 (see, Figure 4). The set of points M (2,y) whose distances from a fixed point 
Q (a,b) have constant absolute value r is called a Galilean circle, and is denoted by S. Thus, 
the circle S' in the Galilean Plane is defined by 


(a —a)? =r? (13) 

or 
x? +2pr+q=0 (14) 
where p = —a, q = a? — r?. Also in the Galilean Plane, lines are parallel to y-axis are separable 


from class of lines and these lines are called special lines and others are called ordinary lines. 
Therefore, the circle S in the Galilean Plane consists of two special lines whose distance from 
Q is r (see, Figure 5). 


Figure 6 The angle between two intersecting lines 
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However, the angle between two ordinary lines y = ka + s and y = k,x + 8, intersecting at a 
point Q = (xo, yo) (see, Figure 6) is defined by 


Ju, = hy — k. (15) 


But the right angle is defined by angle between ordinary line and special line in the Galilean 
Plane. So, the special lines are perpendicular to ordinary lines and also special vectors are 
perpendicular to ordinary vectors. Consequently, let S be a unit circle with centered at O and 
M (x,y) be a point on S. Assume that | denotes line OM and a denotes do; (see, Figure 7). 


Figure 7 The trigonometry in G? 


Then, we have 
cosga = 1 (16) 


and 
singa =a. (17) 


Also, suppose that J; be another ordinary line and 6, = 3. Then we get 
cosg(a+ 8) =1 (18) 
and 
sing (a+ 8) =singacos gf + cos gasin gf. (19) 


We can define a circle by another definition in Euclidean Geometry that the set of points M 
from which a given ordinary segment AB (i.e., a segment on an ordinary line) is seen at a 
constant directed angle a. If we use this definition in the Galilean Plane, we have equation 


ax? + 2b)x + 2boy +c=0 (20) 


which are (Euclidean) parabolas and this set is called a Galilean cycle and denoted by Z. Here 
each of lines which are parallel to y-axis, is a diameter of cycle Z and it is denoted by d (see, 
Figure 8). 
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Figure 8 The cycle in G? and circle in E? 


Also, the length of an arc AB of a curve T is equal to the length s = dag of the cord AB (see, 
Figure 9). 


s=d 


Al 


Figure 9 The length of an arc in G? 


Thus, the radius of cycle Z is defined by 


1 


Furthermore, the curvature p of T at A is defined as the rate change of the tangent at A, that 
is, the curvature of T at A is 


p= lim 2% (22) 


where Ay = TAT) is angle between the two neighboring tangents, As = arcAM is the scalar 
arc element of I such that M is a point of curve IT (see, Figure 10). 
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Figure 10 The curvature in G? 


Therefore, the radius of curvature of I at A, denoted r, is 
1 
r=-. (23) 


Now, let consider all cycles passing through the points of T and having the same tangent AT’ = | 
at A as TI. From these cycles, we select that for any other cycle Zp) which is closest distance 
MM’ between points on T and Z sufficiently close to A which project to the same point N on 
1 is larger than the distance between the corresponding points M and Mj of T and Zp. This 
cycle Zp is called the osculating cycle of curve T at A (see, Figure 11), [1]. 


Figure 11 The cycle in G? 


§3. One Parameter Planar Galilean Motion 


Let Gand G’ (G = G’ = G) be moving and fixed Galilean planes and {O; gi, g2} and {O’; g,, g4} 
be their coordinate systems, respectively. The motion defined by the transformation 


x=x’-u (24) 
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is called as one parameter planar Galilean motion and denoted by B = G/G’ where 
OO’ = u =u1g1 + u2ge (25) 


for uz, ug € R, x,x’ are the coordinate vectors with respect to the moving and fixed rectangular 
coordinate systems of a point X = (1,22) € G respectively. Also, these vectors x,x’ and u 
and shear rotation angle y between g; and gj are continuously differentiable functions of a 
time parameter t (see, Figure 12). 


Figure 12 The motion B = G/G’ 


We can write 
1 = 81+ veo 


(26) 
£2 = Bo 
for the shear rotation angle y = y(t) between g; and gj. In this study, we suppose that 
dy 
a(t) = — 2 
at) =F 40 (27) 


where ”.” denotes the derivation with respect to ”t”. By differentiating the equations (25) and 
(26), the derivative formulae of the motion B = G/G’ are 


21 = Pe 
go =0 (28) 
U = uigi + (u2 + U1¥) ge. 

The velocity of the point X with respect to G is defined as the relative velocity V,. and is 


founded by 
V,-1gi + F280. (29) 


Furthermore, velocity of the point X € G according to G’ is known as the absolute velocity, 
and is found as 


Va = —Ui1g1 + (—v2 — 1 + 719) Bo t+ V~. (30) 
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Thus, we get the sliding velocity 


Vs = —Uigi + (-u2 — wig + 219) Be. (31) 


In the general one parameter motions, the points whose sliding velocity is zero, i.e.,.V¢= 0 are 
called the pole point or instantaneous shear rotation pole point and in the Galilean Plane G, 
the pole point P = (pi, p2) € G of the motion B = G/G" is defined by 


u2 (t) 


Pi =ur+ 


p(t) 39 
p2 = p2(t(A)) os 


for A € R (see, Figure 13) [17]. 


Figure 13 The pole line in Galilean plane 


Corollary 3.1([17]) During one parameter planar motion B = G/G' invariants points in both 
planes at any instant t have been on a special line in the plane G. That is, there only exists 
pole line in the Galilean Plane G at any instant t. For all t € I, this pole lines are parallel 
to y-axis and these pole lines form bundles of parallel lines. Using equations (31)and (32), for 
sliding velocity, we can write 


Vy = {0g + (21 — p1) 82} O- (33) 


Corollary 3.2({17]) During one parameter planar motion B = G/G', the pole ray PX = 
(v1 — pi) 1 + (2 — po) Zo and Vy = {0gi + (21 — p1) g2} ~ are perpendicular vectors, i.e., 
(PX, Vp), = 0. Thus, under the motion B = G/G’, the focus of the points X € G is an orbit 
curve that is normal pass through the shear rotation pole P. 


Corollary 3.3({17]) Under the motion B = G/G’, the norm of the sliding velocity Vy is 
IVells =/PXIlel¢l- (34) 


That is, during the motion B = G/G’, all of the orbits of the points X € G are such curves 
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whose normal lines pass thoroughly the pole point P. At any instant t, the motion B = G/G' 


is a Galilean instantaneous shear rotation with the angular velocity ~ about the pole point P. 


Since there exist pole points in every moment t, during the one-parameter plane motion 
B=G/G' any pole point P is situated various positions on the plane G and G’. The position 
of the pole point P on the moving plane G is usually a curve and this curve is called moving 
pole curve and is denoted by (P). Also the position of this pole point P on the fixed plane G’ 
is usually a curve and this curve is called fixed pole curve and is denoted by (P’). 


§4. The Moving Coordinate System on the Galilean Planes 


In this section, we study on three Galilean planes, and investigate relative, sliding and absolute 
velocity, a point of X on a plane according to the other two plane and relations between the 
pole points. Let A and G be moving and G’ be fixed Galilean plane and {B, a, a}, {O; gi, g2} 
and {O’; g),g5} their coordinate systems, respectively (see, Figure 14). 


4 
a ¢ ‘ G 
gz, : J 
-¥ S 
-T 3c 
rae “7 2% 
st | ot 
| | alter 2) 
o> ‘ 
0 g, G 


Figure 14 The two moving and one fixed coordinate system 


Assume that y and w are rotation angles of one parameter planar motions A/G and A/G’, 
respectively. Let us consider a point X with the coordinates of (21,22) in moving plane A. 
Since 


BX = va, + ®2aQ (35) 
OB=b= bya, + byag (36) 
O'B =b’ = bia, + Diag (37) 


are vectors on the moving system of A, we have 
x = OX = OB+BX=b++ 2a; + X2a2 (38) 


x! = O’x = O’B + BX = b/+2,a, + X2aq (39) 


where vector x and x’ denote the point X with respect to the coordinate systems of G and G’, 
respectively. Let’s find the velocities of one parameter motion with the help of the differentiation 
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the equations (38) and (39). Assume that ”d...” denotes the differential with respect to G and 
”d’--” denotes the differential with respect to G’. 


The derivative equations in motion B = A/G, are 


da, = dipaz (40) 
dag =0 (41) 
db = db ay, + (bidy + dbz) ag (42) 


and the derivative equations in motion B = A/G" taking d’b = d'0’" are 


da, = d' wag (43) 
day =0 (44) 
d'b = dba, + (b,dy + db) ao. (45) 


So differential of X with respect to G is 
dx = (0, + dx,) a, + (02 + Tx) + dx2) ag (46) 


where 0, = db,,02 = dbz + bidy,r = dy. Therefore the relative velocity vector of X with 
respect to G is 


dx 
vos 4 
a (47) 
and also differential of X with respect to G’ is 
dx= (o4 + dx) a, + (054+ 7'x1 + dx2) ag (48) 


where a}, = db), 04 = db, +b dw,r' = dw. Thus, the absolute velocity vector of X with respect 
to G" is 
Vea (49) 


Here 01, 02,0},04,7 and 7’ are the Pfaffian forms of one parameter motion with respect to t. 
If V; = 0 and V, = 0 then the point X is fixed in the planes G and G’, respectively. Thus, the 
conditions that the point is fixed in planes G and G’ become 


dx, = —0,,dx_ = —0, — TZ} (50) 


and 


dx, = —o},drqg = —04 —7'a1, (51) 


respectively. Substituting equation (50) into equation (48) and considering that the sliding 
fx 


=,» we have 


velocity of the point X is Vy = 


dx = {0 — oi} ai + {(0) — 92) + (7 —T)} ar. (52) 
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Therefore from (46), (48) and (52) we may give the following theorem. 


Theorem 4.1 If X is a fixed point on G, then we have 
d’x = dysx + dx, (53) 
that is, Va= Vye+V,. Thus, velocities law is preserved. 
Remark 4.2 In the motion A/G, the absolute velocity Va corresponds the differential of 
dx = 0a; + {02 + 721} ag + dria, + drag (54) 


according to plane G of the point X, and the relative velocity V,. which is the velocity of X 
according to the plane A, is equal to the differential of 


dx,a, + dxrgagq (55) 


with respect to A of the point X. Thus the sliding velocity Vv y with respect to motion A/G is 
the differential of 
aia; + {02 +721} a (56) 


according to G of the point X. Similarly, in the motion A/G’, the absolute velocity vi is equal 
to the differential of 


dx = 01a, + {oo +7'x1} ag + dria, + drag (57) 
with respect to G’ of the point X, and the relative velocity Vv). is the differential of 
dx1a, + dxgag (58) 
with respect to A of the point X. So the sliding velocity Vv; corresponds the differential of 
ojai t+ {oh,+7'a} ag (59) 


with respect to G’ of the point X.Since the motion G/G’ is characterized by the inverse motion 
of A/G and the motion A/G’, we have the sliding motion dfx when we subtract from the 
sliding velocity of the motion A/G’ to the sliding velocity of the motion A/G. So we can write 


Vy, = Vi — Vy. (60) 


To avoid the cases of pure translation we assume that ~ 4 0, w #0. 


In one parameter planar Galilean motions the pole point is characterised by vanishing 
sliding velocity, i.e., dgx = 0. So, the pole point P of the one parameter planar motion G/G’ is 


obtained as j 
09 i 02 


De ae (61) 
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p2=p2(dA),AER (62) 


where BP = p,a, + p2ag. Note that here we find 


o, —0, =0. (63) 


§5. The Shear Rotation Poles for Moving Galilean Planes with 
Respect to the Other 


Let us have three planes such as A,G,G’ moving with respect to together and also occur in 
two one parameter planar Galilean motion with respect to each other. In the determined time 
t, pairs of plane (A, G), (A, G’) and (G,G’) have a determined shear rotation pole line, and in- 
stantaneous shear rotation motions arise with angular velocity about the pole line. Accordingly, 
three planes moving with respect to together constitute a three-member kinematic chain. 


Motion A/G of plane A with respect to plane G is formulated by equation system (41). 


T 


Here dy = 7 is infinitesimal shear rotation angle, that is, > is an angular velocity. Differential 


of point X with respect to plane A 
dBX =dzr\a, + dxgag. (64) 


The differential corresponds to relative velocity with respect to plane A. If point X is fixed, 
then we can write dBX = 0. In the equation (46), the differential of point X is given with 
respect to plane G. From here, sliding velocity of point X with respect to motion A/G is 


aia, + (2 +721) ap. (65) 


However the shear rotation pole of motion is characterized by vanishing the sliding velocity. 
So, for the shear rotation pole line g of motion A/G, we have 


os 
q--{n = — 2,0 = a (6) ER. (66) 
Similarly for the shear rotation pole line q’ of motion A/G’, we get 
/ | a 9% | er | R 67 
G9 = A = (Hw), HER. (67) 


And also, the angular velocity of motion G/G’ is 


d(y-y) _v=1 


dt — dt oe 
and for the shear rotation pole line p, from equations (61) and (62) we can rewrite 
pi=— 
P (69) 


p2 = p2(A),AER 
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So, we give following theorem. 


Theorem 5.1 If three Galilean planes form one parameter planar Galilean motions pairwisely, 
there exist three shear rotation pole lines at every moment t, and each of these three lines is 


parallel to the others. 


Corollary 5.2 Generally, if there are n—Galilean planes which form one parameter planar 


Galilean motions pairwisely, then we tell of n—member kinematic chain. If the each motions is 
n 
connected time (real) parameter t , there exit relative shear rotation pole lines at every 


2 


moment t and every each line is parallel to each others. 


Theorem 5.3 The rate of the distance of three shear rotation poles is as the rate of their 


angular velocities. 
Proof Since q, =—-@,q, = = and p, = gee, it is hold 
(a — a1): (p1— 91): (i — 1) = ( — 7): 7: 7". (70) 


Thus, we can write 


jac 


: Q'P : PQ =(r'—7):7:-7'. (71) 
G G G 


§6. Euler-Savary’s Formula for One Parameter Motions in the Galilean Plane 


We studied one parameter Galilean motion adding {B,ai,a,} moving system to the motion 
of G with respect to G’. Now, in this section, we choose a special relative system {B,aj;,a,} 
satisfying the following conditions: 


(i) The initial point B of the system is a pole point P on the pole line that coordinates 


are p; and pg. 


(ii) The axes {B;a,} coincides with the common tangent of the pole curves (P) and (P’). 


If we consider the condition 7), then from equations (61) and (62) we have 


Pi = p2 = 0. (72) 
Thus, we can write 
T= O15 09 = Oe: (73) 
Therefore we get 
db = dp =o0,a, + 02a = d'p = db’. (74) 


Considering the condition ii), then we have 04 = a2 = 0. So if we choose a = 0; =<¢, then the 
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derivative equations for the canonical relative system {P,a;,a,} are 


da, = Tag, d'a, = Tag 
day = 0, d'ap =0 (75) 
dp=oa,, dp =aay. 


Moreover, 7 is the cotangent angle, that is, two neighboring tangets angle of curve (P), and 
rT’ is also the cotangent angle of curve (P’) where, o = ds is the scalar arc element of the pole 
curves (P) and (P’). And so 7: a is the curvature of the moving pole curve (P). Similarly, 
7’: @ is the curvature of the fixed pole curve (P’). Hence from (23) the radius of curvature of 


the pole curves (P) and (P’) are 


(on 
and 
(on 
yr’ = a) (77) 


respectively. Moving plane G rotates the infinitesimal instantaneous angle of the dé = 7’ — T 
around the shear rotation pole P within the time scale dt with respect to fixed plane G’ . 


Therefore the angular velocity of shear rotational motion of G with respect to G’ is 


—— =— =¢. (78) 


Hence we get 


a ea oo 


from equations (76), (77) and (78). We accept that for the direction of unit tangent vector aj, 


ds 


pole curves (P) and (P’) are drawn to the positive a-axis direction that is, $ 


> 0, and so we 
have r > 0. Similarly we can write r’ > 0. 


Now we will investigate case of the point X’ which is on the diameter d of osculating cycle 
of trajectory curve which is drawn in the fixed plane G’ by a point X of moving plane G in 
the movement G/G’. In the canonical relative system, let coordinates of points X at plane G 
and X’ at plane G’ be the (a1, x2) and (2,25), respectively. In the movement D/D’, there 
is a point X’ which is on center of curvature of osculating cycle of trajectory curve of X are 
situated together with the instantaneous rotation pole P in every moment t such that 


PX = va, + %2a2Q 


and 


/ 
PX’ = vai + chao 


have same direction which passes the pole point P. So we can write 


Re Pa 2 
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or 


Lx — Lae = 0. (80) 


Considering the condition 77) we obtain the condition that the point X to be the fixed in the 
moving plane G is 


dx, = —0,dt2 = —-T2X (81) 


and the point X’ to be the fixed in the moving plane G’ is 
dx’, = —o, dx, = —7'r',. (82) 
Differentiating the equation(80) and from the conditions (81) and (82) we have 
(tg —@)o0 +412) (7 -7') =0. (83) 


If the polar coordinates are passed, then we get 


v1 = acosga =a, Tg = asinga = aa (84) 

z, =a cosga=a’, 2 =a’ singa=a'a. (85) 
Thus, we can write 

(asin ga — a’ singa)o + aa’ (r — 7’) = 0. (86) 


So from last equation and equation (79) we have 


1 1 1 1 ad 
a sigs (87) 
ya ror ds 


Here, r and 7’ are the radii of curvature of the pole curves P and P’, respectively. ds represents 
the scalar arc element and d¢ represents the infinitesimal Galilean angle of the motion of the 
pole curves. The equation (87) is called the Euler-Savary formula for one-parameter motion in 
Galilean plane G. 
Consequently, the following theorem can be given. 

Theorem 6.1 Let G and G’ be the moving and fired Galilean planes, respectively. A point 
X €G, draws a trajectory whose a point at the normal axis of curvature is X' on the plane G’ 
in one-parameter planar motion G/G". In the inverse motion of G/G', a point X' assumed on 
G’ draws a trajectory whose a point at the normal axis of curvature is X on the plane G. The 
relation between the points X and X' which is given by the Euler-Savary formula given in the 
equation (87). 
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Abstract: Let G be a binary labeled graph and Ai(G) = (li;) be its label adjacency 


matrix. For a vertex v;, we define label degree as L; = S> l;;. In this paper, we define label 
j=l 

Laplacian energy LE,(G). It depends on the underlying graph G and labels of the vertices. 

We compute label Laplacian spectrum of families of graph. We also obtain some bounds for 


label Laplacian energy. 
Key Words: Label Laplacian matrix, label Laplacian eigenvalues, label Laplacian energy. 


AMS(2010): 05C50, 15A15, 15A18. 


§1. Introduction 


For an n-vertex graph G with adjacency matrix A whose eigenvalues are Ay > A2 >... > An, 

the energy of the graph G is defined as E(G) = >> |A;|. The concept of Energy of graph 
i=l 

was introduced by Ivan Gutman, in connection with the z-molecular energy. The matrix 

L(G) = D(G) — A(G) is the Laplacian matrix of (n,m) graph G. If 4 > a >... > Mn = 0 

are the eigenvalues of L(G), then the Laplacian energy of G is defined as 


LE(G) = 00 |mi — FI 


i=1 


However, in the last few years, research on graph energy has much intensified, resulting 
in a very large number of publications which can be found in the literature [4, 5, 6, 7, 9, 16]. 
In spectral graph theory , the eigenvalues of several matrices like adjacency matrix, Laplacian 
matrix [8], distance matrix [10] etc. are studied extensively for more than 50 years. Recently 
minimum covering matrix, color matrix, maximum degree etc are introduced and studied in 
[1,2,3]. 

Motivated by this, P.G. Bhat and S. D’Souza have introduced a new matrix A;(G) called 
label matrix [14] of a binary labeled graph G = (V,X), whose elements are defined as follows: 


1Received December 15, 2014, Accepted May 20, 2015. 
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a, if vv; € X(G) and I(v;) = 1(v;) = 90, 
— b, if Uj; E X(G) and I(v;) = I(v;) = 1, 
2 c, if vv; € X(G) and I(v;) = 0,1(v;) = 1 or vice-versa, 
0, otherwise. 
where a, b, and c are distinct non zero real numbers. The eigenvalues \1, A2, ..-; An of Aj(G) are 


said to be label eigenvalues of the graph G and form its label spectrum. The label eigenvalues 
satisfy the following simple relations: 


n n 


So =0 and S> 7 =2Q (1.1) 
t=1 i=1 


where 
Q = nia? + nob? + n3c? (1.2) 


Where ni, n2 and ng denotes number of edges with (0,0), (1,1) and (0,1) as end vertex labels 
respectively. 


The label degree of the vertex v;, denoted by L;, is given by L; = > lj. A Graph G is said 


it 
to be k-label regular if L; = k for all i. The label Laplacian matrix of a binary labeled graph G 
is defined as 


Li(G) = Diag(Li) — Ai(G) 


where Diag(L;) denotes the diagonal matrix of the label degrees. Since L;(G) is real symmetric, 
all its eigenvalues p;,, i = 1,2,...,n, are real and can be labeled as py > 2 >... > fin. These 
form the label Laplacian spectrum of G. Several results on Laplacian of Graph G are reported 
in the Literature ((6, 11, 12, 13, 16]). 

This paper is organized as follows. In section 2, we establish relationship between A; and 
f4; and some general results on Laplacian label eigenvalues p;. In section 3, lower bound and 
upper bounds for LE;(G) are obtained. In the last section label Laplacian spectrum is derived 
for family of graphs. 


§2. Label Laplacian Energy 


The following Lemma 2.1 shows the similarities between the spectra of label matrix and label 
Laplacian matrix. For a labeled graph, let Pa(x) and Pr (a) denote the label and label Laplacian 
characteristic polynomials respectively. 


Lemma 2.1 Jf {A1,A2,.--,An} is the label spectrum of k-label regular graph G, then {k — 
Ans k — An—1,---;k — Ai} is the label Laplacian spectrum of G. 


Proof The label Laplacian characteristic polynomial for k-label regular graph G is given 
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by 
Pr (x) = det(L(G) — v1) = (—1)" det(A)(G) — (k — 2)I) = (—1)"Pa(k — 2) (2.1) 


Thus, if Ay > Ag > --- > Ay is the label spectrum of k-label regular graph G, then from equation 
(2.1), it follows that k — A, >k—-—An-1 >... > k& — Ay is the label Laplacian spectrum of G. 


We first introduce the auxiliary eigenvalues y;, defined as 


Lemma 2.2 [If {11, M2,-++ fn are the label Laplacian eigenvalues of L;(G), then 
Sod=20+ Sou 
i=1 i=1 


Proof We have 


n n 


se = trace (L{(G))? = Ly » liglys = 2s— ii + 3 i 
i=1 


i=1 j=1 V<j i=l 


= 2[mi(a)? +n2(b)? +ns(c)?] + 5) 2? =2Q+ - 1? 
i=1 i=l 


Lemma 2.3 Let G be a binary labeled graph of order n. Then S> y= 0 and S> y?7 = 2R, 
i=1 i=1 
where 


and Q is given by equation (1.2). 


Proof Note that 


Yo mi = tr(Ea(G)) = Yo Ls and Yop? = Yo 12 +29 
b i i i=1 
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and 


Definition 2.1 Let G be a binary labeled graph of order n. Then the label Laplacian energy of 
G, denoted by LE|(G), is defined as )> |yj|, 1-€. 
i=1 


LE\(G) = Yo |mi- 3 oD D;| 
jJ= 


In 2006, I.Gutman and B.Zhou defined Laplacian energy LE(G) of a graph G. More on 
Laplacian energy reader can refer ([8], [15], [17], [18]). In Chemistry, there are situations where 
chemists use labeled graphs, such as vertices represent two distinct chemical species and the 
edges represent a particular reaction between two corresponding species. We mention that this 
paper deals only the mathematical aspects of label Laplacian energy of a graph and it is a new 


concept in the literature. 
Lemma 2.4 If G is k- label regular, then LE,(G) = E,(G). 


If G is k- label regular, then k = LD; = + L; fori =1,2,---,n. Using Lemma 2.1, 
j=l 


Y= bwi-+ yy Ly = (kh -— Anqi-i) — B = —An4ti-i 
jJ= 


for 7 = 1,2,---,n. Hence, the lemma follows from the definitions of the label energy and label 


Laplacian energy. 


§2. Bounds for the Label Laplacian Energy 


Lemma 3.1([17]) Let a1, a2,...,an be non-negative numbers. Then 


n tym (Ils) <nyon- (Sova) < n(n — 1) tym (Ils) 


i=1 
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Theorem 3.1 Let G be a binary labeled graph with n vertices and m edges. Then 


2R+n(n—1)A* < LE(G) < 2n—-1)R+ nds, 


where A = |det (x10) —i — us) ; 


Proof Note that 
> lvi| = LE\(G) and ba = 2R, 
i=1 ; 


w=1 


where R = [ni(a)? + no(b)? + n3(c)?] + ; 3 (1 —i oe 1) ? 


Using Lemma 3.1, it can be easily checked that Theorem 3.1 is true if A = 0. Now we 
assume that A 4 0. By setting a; =7?, i=1,2,...,n, and 


From Lemma 3.1, we have 


n n 2 
k<ndot- (Shi) <o-oK, 
i=1 i=1 
which can be further expressed as 
K < 2nR—(LE(G))? < (n—-1)K 


2nR—(n—1)K < (LE(G))? < 2nR- K, (3.1) 


where 


1 
1 - : 1 
k=n L?- (TL) =n|*2n— at] =2n—nat 
n ee n 
Substituting in equation (3.1), we obtain 


2R+n(n—1)Az < LE(G) < /2R(n—1)+nAz. 


Theorem 3.2 Let G be a binary labeled graph of order n > 2. Then 


2/R < LE(G) < V2nR. 
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Proof Consider the term 


S = SOY (hil — byl) * = an So fal?—2(3> hal bal 


i=1 j=1 


= n2R-2(LE(G))? = 4nR—2(LE(G))? 


Note that S > 0, ie., 4nR — 2(LE,(G))? > 0, which implies LE;|(G) < V2nR. We have 
+: 2 
(= x) = 0 and the fact that R > 0, 


nm n 2 
R= Soo = (3x) -2 So yy <2) SS wy) <2 S) lilbyl (3-2) 
i=1 i=1 


l<i<j<n 1<i<j<n l<i<j<n 


Thus, 


LE(G)’ = (Sorat) =Sohi+2 dS halby| 


l<i<j<n 


W 


2R+2R=4R 


from Lemma 2.3 and equation (3.1). Hence, LE(G) > 2V/R. 


Theorem 3.3 Let G be a labelled graph of order n. Then 


Proof We have 


Consider the non-negative term 


n—-1ln-1 


S= S- y (lyi| — lal)? 


w=1 jg=1 


= 20) So9f 2 (Sohal lal 
= 2(n—1) an (2945 -2 (B16 5s 1) 30 
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Hence, 


§4. Label Laplacian Spectrum of Some Graphs 


Theorem 4.1 For n > 2, the label Laplacian spectrum of complete graph Ky, is 


0 ma+(n—m)c (n-—m)b+mc_ ne 


1 m—1 n—-m-—1 1 
where m vertices are labeled zero, n —_m vertices are labeled one andO <m<n. 


Proof Let v1, v2,-+: ,Um vertices of K,, be labeled zero and Um+1,Um+2,°** ;Un be labeled 
1. Then the label degree of vertex v; is L(v;) = (m — l)a+(n—m)c for i = 1,2,... 
L(v;) = (n-— m—1)b4+ me fori =m+1,m+2,...,n, 


m 


d 9 


ma+(n—m)cllm -— aImxm —ClIimx(n—m 
Li(Ka) = [ ( Je] x x(n=m) 
tdi aie [(n — m)b + me|In—m — bI(n—m)x(n—m) 
Consider 
det (ul = 14(K,)) 
[pe — {ma + (n = m)ch|Im + admxm CJmx (n—m) 


CI(n—m)xm [be 3 {(n Pig m)b 2% mc}|In—m + BI (n—m) x (n—m) 


Step 1 Replacing column C; by CY = C1 +C2+...+Ch, we obtain determinant py det(B). 


Step 2 In determinant B, replace the row R; by Ri = R; — Ri, for i = 2,3,...,m,m+ 
2,m+3,...,n, we obtain 
det(B) = (u— {(m—1)a+ (n— m)c})"* (u— {(n — m— 1)b + mc})"~™ * det(C). 


Step 3 By changing C; by C) = C; + Ci4i1 +...+C, fori =m-+1 to n in determinant 
C’,, we get a new determinant D of order m + 1, i.e. 


laa . a (n—m)c 

0 1 O . 0 0 
det(D) = : -1 1 . 0 0 

0 0 O 1 0 

1 cic c pw—me 
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Step 4 By expanding determinant D over the first column , we obtain det(D) = ~—mc+ 
(—1)™*?(-1)™*1(n — m)c = pp — ne. 


Step 5 By back substitution, 
det (ul — Li(@)) = p(w — [mat (n= mc)" (w= [(n — m)b + me])"~"* (w= ne). 
Hence, label Laplacian spectrum of K,, is, 


0 ma+(n—m)c (n—m)b+mc_ ne 


1 m—1 n-m-—-1 1 


Corollary 4.1 For n > 2, the label Laplacian spectrum of Ky, — {(0,0)} is 


0 (m-2)a+(n-—m)c mat+(n—m)c (n—m)b+mc ne 
1 1 m — 2 n—-m—1 i 


where m vertices are labeled zero, n —‘m vertices are labeled one and0O <m<n. 


Corollary 4.2 For n > 2, the label Laplacian spectrum of Ky, — {(1,1)} is 


0 mat+(n-—m)c (n—m—2)b+mce (n-—m)b+mc ne 
1 m—1 1 n—m—2 1 


where m vertices are labeled zero, n —‘m vertices are labeled one andO <m<n. 


Theorem 4.2. The label Laplacian spectrum of star graph Sy, is 


where m denotes the number of vertices including the central vertex — zero, ee 


vertices labeled one, m<n, a= mat (n—m-+1)c and B= \/[ma 4acn. 


Proof Let v1,v2,--++ ,Um be labeled as zero and remaining vertices be labeled as one,where 
v1 is the central vertex. Then, L(v,) = a(m — 1) + c(n — m) and 


a, for 4 = 2,3,---,m 
c, for t=m+1,m+4+2,---,n 
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a(m—1)+c(n—m) -a —-a —a@ -c -¢ —¢ 
—a a 0 0 0 0 0 
—a 0 a 0 oO 0 0 
eye —a 0 60 0 O 0 0 
—a 0 60 a 0 0 0 
—c 0 0 0 c 0 0 
—c 0 0 0 0 ¢ 0 
=, Oo. Oe ete. OR Oe eee 
where rows and columns are denoted by v1, 2,+++ , Um; Um+1; Um+2;°°* ; Un for the matrix L;(S,). 


Consider det(uI — Li(G)). 


Step 1 Replace the column C; by C) = Cy+C2+---+C),. Then we see that det(uJ—L;(G)) 
is of the form pz det(B). 


Step 2 In det(B), replace R; by Ri = R;— Ri-1,1 = 3,4,--- ,m,m+2,---,n. Simplifying 
we get det(B) = (u—a)™—-2(u — c)"-™—1 det(C). 


Step 3 In det(C), replace Ci by Ci = Ci; +Ci4i+---+C) fori =m,m+1,---,n. Then 
it reduces to the order m+ 1. 


Step 4 In det(C), Replacing C; by Cj = Ci + Ci4a +--+ + Cm for i = 2,3,--- ,(m—1), 
we get 


1 (m-l)a (m-2)a ... 2a a (n-—m)c 

1 (u—a) 0 wee 0 0 0 

0 0 1 .. O 0 0 
det(C) = 

0 0 0 .. O 1 0 

1 0 0 .. O 0 (fC) 


Expanding over the last column, we get det(C) = yu? — [am + (n—m+1)clu+acn. By 
back substitution, we obtain 


det (pI — Li(G)) = pw(u— a)? (wc)?! (pw? = [am + (n — mF 1c] + aen). 


Hence, label Laplacian spectrum of S,, is given by 


ate a—Z 
0 4 e 7 
1 m-2 n-m-I1 1 1 
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where a = ma+(n—m+4 1)c and 2 = \/[ma+ (n — m 4 1)c]? — 4acn. 


Corollary 4.3 The label Laplacian spectrum of star graph Sy, is 


where m denotes the number of vertices including the central vertex labeled zero, remaining 


vertices labeled one, m<n, 6=mb+(n—m-+1)c and y = \/[mb+ (n— m+ 1)e] — Aben. 


Proof Let v, be the central vertex . Let v1, v2,--- ,Um be labeled as one and remaining 
vertices be labeled as zero. Then , L(v1) = b(m — 1) + c(n — m) and 


b, for 4 = 2,3,---,m 


c, for 7 =m+1,m+2,---,n 


The remaining proof of this corollary is similar to Theorem 4.2. 


Corollary 4.4 If the vertices of cycle Con are labeled 0 and 1 alternately, then LE|(C2n) = 
cLE (Con) = CE(Con). 


Corollary 4.5 If the vertices of path P, are labeled 0 and 1 alternately, then LE,(P,) = 
cLE(P,). 


Lemma 4.1({10]) Let M,N, P,Q be matrices, M invertible and 


MN 
PQ 


Then det(S) = det(M) det(Q-— PM~!N). Furthermore, if M, P are commute, then det(S) = 
det(MQ — PN). 


Theorem 4.3 The label Laplacian spectrum of complete bipartite graph K(r,s) with my < 


r,m2 <8, the number of zeros in the vertex set of order r,s respectively, is given by 


0 (amg+(s—ma)c) (eme+(s—me2)b) (amy +(r—my)e) (emi + (r — m1)b) 


1 m,—1 r—m,—-1 mg—1 s—m2—1 


116 Pradeep G.Bhat, Sabitha D’Souza and Swati S.Nayak 


and the roots of 


[ue — p?{(a + e)(ma + me) + (b+ 0)((r + 8) — (ma + m2))} 

+p{ac(mt +m) + (c? + ab)(m2(s — ma) + mi(r — m1) 

+(ab + be + ca)(mi(s — m2) + mi (r — m1)) + be((r — m1) 

(s —mz))? + (b? + ¢7)(r — m1)(s — ma)} — {(a + e)be(r — m1) (s — mz) (m1 + ma) 


+abc (mi(s — m2)(s + m1 — M2) + me(r — m1)(r + m2 — m1)) 


bc? (r — m1)(s — m2)(r + s — m1 — m2) 


+ac(a + c)mimy + c(ac + c? + ab)mime(s — mz) + ac(b + c)mimea(r — m1)}] = 0. 


Proof Let the labels of r+ s vertices of K(r,s) be 000---0111---1 and 000---0111---1. 
S— S— Se 


m1 r-mM1 m2 s—me2 
Adm, xme CI in sri 
with B= 
CTs ae ee 
(r-+s)x(r-+s) Tr—-—mMmM1xXmM2 TMi 58-3 ace 


Characteristic polynomial of L;((r, s)) is 


(ul — A) pxr Bry s T Aaa 
o(Li(K(r, 8), #) = . = |v -All(@l-C)-B°AB| (4.1) 
Bsxp (ul — C)sxs 


by Lemma 4.1. Let us denote the label degree of m,, r— mj , m2 and s — mz vertices as 
W =cm2 + (s—mg2)b, X =cm2+(s—m2)b, Y =am, + (r—my)c and Z = cm, + (r — m1 )b 
respectively. Then A = Diaglu — W,u—-— W,...,~—-Wiu—-W,w-— X,u— X,...,u— X], 
C = Diaglu—Y,u—Y,...,u-Y,uw—-Y,u—Z,u—Z,...,u— Z]. Note that 


B c(r—m be(r—m 
a may + ox fp Jmaxms | ator t rox f Jina xs—ms 
es acmy be(r—mi) J emi b2(r—m1) 7 
pow + pox f Ys—mexme | |) aow + pox f Us—mexs—me 


By applying elementary transformations, det(C — B’ A~!B) reduces to order mz + 1. Hence, 


IC- BTA) = (w— YY"? (u— ZO cet (B), (4.2) 
where 
(u-Y)—meG -(m2-1)G (m2-—2)G -G —(s—m2)H 
0 1 0 0 0 
det (E) = 0 0 1 .. ~=60 0 
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and G = mad 4 Sami) pF gem rea mi) and K = 


ema) 
w-X ? pw : 


ce Ww + 
Now expression (4.1) becomes 


P(Li(K(r, 8), w) = (w— WY E(w — XO — VY — Z)ema 
x[(u — W) (uw — X)(u — Y)(u — Z) — e?mi(s — mz) (u — X)(u— Y) 

b*(r — m1) (s — m2)(u — W)(u — Y) — a?mima(u — Z)(u — X) 
—2(r — m1)mo(p— Z)(u — W) + (r — m1)mymo(s — m2) (c4 + a?b? — 2abc?)). 


On further simplification, we obtain 


O(Li(K (r,.8), 4) = we — WY (we — XY) (pe — YY = Zea 
[we — w(K +V4+Z4+W)+u(wWx+xXV+YZ4+ZW+WY4+ XZ) 
—(XYZ4+ XYW+ XWZ4+4+WYZ) — ?mi(s — me)(u— (X + Y)) 

b°(r — m1)(s — mz)(u — (Y + W)) — a? myma(u — (X + Z)) 
—(r —m)ma(u — (W + Z))]. 


Substituting W,X,Y and Z and reducing the terms we get 


0 (amg+(s—me)c) (emg+(s—me2)b) (amy. +(r—my)c) (emi + (r —m))b) 
1 m,—1 r—m,—-1 mz—1 s—m2—1 


and the roots of 


[uP — w?{(a + e)(m1 + ma) + (b+ €)((r +8) — (m1 + m2))} 

+pfac(my +m) + (c* + ab)(m2(s — mz) + mi(r — m1) 

+(ab + be + ca)(mi(s — m2) + mi(r — m1)) + be((r — m1) 

(s — mz))* + (b? +c?)(r — m1)(s — ma)} — {(a + ©)be(r — m1)(s — mz)(m1 + mz) 
+abc (mi(s — m2)(s + my, — m2) + mMe(r — m1)(r + m2 —m))) 


be? (r — m1)(s — m2)(r + s — m1 — m2) 


+ac(a + c)mimz + c(ac + c? + ab)mym2(s — m2) + ac(b + c)mym2(r — m1)}] = 0. 


Theorem 4.4 Let S(m,n) be a double star graph with central vertices labeled zero and the 
pendent vertices labeled one. 


Then the characteristic polynomial of label Laplacian matrix of 
S(m,n) is 


pp — c)™*"~4 (v3 — [(m + n)e + 2a]y? + [ac(m + n) + c?mn + aclu — [ac?(m+n)]) . 


Proof Let vm and Um+41 be the central vertices of S(m,n) with zero labels. Remaining 
m+n —2 vertices be given label one. Characteristic polynomial of L)(.S(m, n)) is 
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(u _ c)Im—1 CIm—1%1 Om-1x1 Om-1xn-1 
cJixm—1 (u—(m—l1)c—a)h aly O1xn-1 
|wI — Li(S(m,n))| = 
Oixm—1 aly (u-(n—-1)c-—a)h CJixn—1 
On-1xm-1 Om-1x1 CIn—1«1 (u oF . c)In-1 


Using elementary transformations, we get 


Ju — Li(S(m,n))| = u(u— et a—c (u—(n—l)e—a) (n—Ie 


Hence, the characteristic polynomial of S'(m, n) is 


G(Li(S(m,n)),u) = w(w—o)™™™* (u? — [(m + n)e + 2a]p? + [ac(m + n) 
+e*mn + 2ac|u— [ac?(m+n)]) . 


Corollary 4.6 Let S(m,n) be a double star graph with central vertices labeled one and the 
pendent vertices labeled zero. Then the characteristic polynomial of label Laplacian matria of 
S(m,n) is 


up — c)™*"~4 (3 — [(m + ne + 2b]u? + [be(m +n) + mn + 2be]p — [be?(m + n)]) . 


Definition 4.1 The crown graph S° for an integer n > 3 is the graph with vertex set 


{u1, U2,---,Un; U1, V2,---,Un} and edge set {ujv;:1< 1,7 <n,iF J}. 


Lemma 4.2([10]) Let 


be a2x 2 block symmetric matriz. Then the eigenvalues of A are the eigenvalues of the matrices 
Ao + Aj and Ao = Aj. 


Theorem 4.5 The label Laplacian spectrum of crown graph S° of order 2n is 


0 ma+(n—m)c (n—m)b+me ne (m—2)at+c(n—m) Sn S21 


2 a 
1 m—1 n-m-—-1 1 m—1 1 1 


where X = 2a(m—1)+ 2b(n —m-—1)+ cn, Y = 4ab(m — 1)(n-—m — 1) + 2bc(n —m—1)(n 
m) + 2acm(m— 1), € =X, n= VX2—A4Y and m denotes the number of vertices labelled zero 


in each vertex set of the crown graph. 
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Proof Let the labels of n vertices of S° be 000...0111---1 in each partite set. Then 
S$ 


A |-B 
L(Sn) = 
—-B| A 
where 
U1 v2 st Um = Um+1  Um+2 one Un 
A=Diag)] WW: WZ Be ome. Bi 


W and Z are the label degrees of the m zero label vertices and n — m one label vertices 
respectively given by W = a(m—1)+c(n—m) and Z = b(n -—m-—1)+ cm. Note that 


Be a(S -_ Dini CIUmxn—m 


CIn—mxm a(J — Dep Si ai 


From Lemma 4.2, the label Laplacian spectrum of L;($°) is the union of spectrum of A+ B 
and A— B. Observe that A+ B = L;(K,,). Hence, by Theorem 4.2, we obtain 


0 - —m)b 
Seat ARS ma+(n—mj)c (n—m)b+mc ne (4.3) 
1 m—1 n—-m—1 1 


Also, A— B= A+ A;(K,,). Consider det(uI — (A + Ai(Kp))). 


Step 1 Replacing R; by Ri = R; — Ri, for i = 2,3,---,m,m+2,m+43,---,n, we 
obtain 


det(uf—(A+A(Kn))) = (u—(a(m—2)+e(n—m)))"~ "(= (b(n—m—2)-+em)))"-"—" det(B). 


Step 2 Replacing C; by Ch =C;+ Cig4i +...+Cm,t=1,2,...,m—1 and replacing C; 
by C; = Cj) +Cj4it..-+Cn, 7 =1,2,...,n—1, the det(£) reduces to a determinant of order 
m+. 


ol a(m—1) -a(m—2) ... -a  -c(n—m) 
0 sea! . -Q 0 
0 0 1 sea OQ 0 
det(E) = ; 
0 0 0 ste ol 0 
cm —c(m—1) c(m—2) ... -e S 


where o = 4 — [2a(m — 1) + c(n — m)] and ¢ = p — [26(n — m— 1) + cm]. 


Step 3 Expanding over the first column 


det(E) = p? — p[2a(m—1) + 2b(n —m-—1) + em] + 4ab(m — 1)(n —m—1) 
+2bc(n — m — 1)(n — m) + 2cam(m — 1). 
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Step 4 Substituting det(£) in Step 1, 


det(ul — (A+ Ai(Kn))) = (u— (a(m — 2) +e(n — m)))™—" 
x (uu — (b(n — m— 2) + em)))"—™ "fw? — p[2a(m — 1) + 2b(n — m— 1) + em] 
t4ab(m — 1)(n — m — 1) + 2bc(n — m — 1)(n — m) + 2cam(m — 1)}. 


Hence, label Laplacian spectrum of A — B is 


a(m — 2) + c(n — m) m—1 


b(n-—m—2)+em n-m-1 


S'peci(A — B) = X4VKEI ‘ (4.4) 
Hv Xa av 
X—/X?—4y l 
2 


where 


a 
l| 


2a(m — 1) + 2b(n —m—1)+ cn, 


< 
lI 


4ab(m — 1)(n — m — 1) + 2bc(n — m — 1)(n — m) + 2Zacm(m — 1). 


The union of expressions (4.3) and (4.4) is the label Laplacian spectrum of S$°. 
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Abstract: A graph G = (V,£) with p vertices and q edges is said to be a Total Mean 
Cordial graph if there exists a function f : V(G) — {0,1,2} such that for each edge xy 
assign the label Hope) where x,y € V(G), and the total number of 0, 1 and 2 are 
balanced. That is |ev¢(¢) — evg(j)| < 1, 1,9 € {0,1,2} where evy(x) denotes the total 


number of vertices and edges labeled with x (2 = 0,1,2). In this paper, we investigate the 


total mean cordial labeling behavior of In © Ki, S(Pn©2K1), S(Wn) and some more graphs. 


Key Words: Smarandachely total mean cordial labeling, cycle, path, wheel, union, corona, 
ladder. 


AMS(2010): 05C78. 


§1. Introduction 


Throughout this paper we considered finite, undirected and simple graphs. The symbols V(G) 
and E(G) will denote the vertex set and edge set of a graph G. A graph labeling is an assignment 
of integers to the vertices or edges, or both, subject to certain conditions. Labeled graphs serves 
as a useful mathematical model for a broad range of application such as coding theory, X-ray 
crystallography analysis, communication network addressing systems, astronomy, radar, circuit 
design and database management [1]. Ponraj, Ramasamy and Sathish Narayanan [3] introduced 
the concept of total mean cordial labeling of graphs and studied about the total mean cordial 
labeling behavior of Path, Cycle, Wheel and some more standard graphs. In [4,6], Ponraj and 
Sathish Narayanan proved that KS + 2/2 is total mean cordial if and only if n = 1,2,4,6,8 
and they investigate the total mean cordial labeling behavior of prism, gear, helms. In [5], 
Ponraj, Ramasamy and Sathish Narayanan investigate the Total Mean Cordiality of Lotus 
inside a circle, bistar, flower graph, K2,n, Olive tree, P?, S(P, © K1), $(Ki). In this paper 
we investigate L, © Ki, S(P, © 2K1), S(W,,) and some more graphs. If # is any real number. 
Then the symbol || stands for the largest integer less than or equal to x and [x] stands for 
the smallest integer greater than or equal to x. For basic definitions that are not defined here 
are used in the sense of Harary [2]. 


1Received October 31, 2014, Accepted June 2, 2015. 
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§2. Preliminaries 


Definition 2.1 A total mean cordial labeling of a graph G = (V, EF) is a function f : V(G) > 
{0,1,2} such that for each edge xy assign the label fle) tf) where x,y € V(G), and the 
total number of 0, 1 and 2 are balanced. That is |evs(i) — evs(j)| < 1, 1,7 € {0,1,2} where 
ev f(x) denotes the total number of vertices and edges labeled with x (c = 0,1,2). If there exists 
a total mean cordial labeling on a graph G, we will call G is total mean cordial. 

Furthermore, let H < G be a subgraph of G. If there is a function f from V(G) — {0, 1, 2} 
f(u) + f) 

2 


such that f|a is a total mean cordial labeling but is a constant for all edges 


in G\ H, such a labeling and G are then respectively called Smarandachely total mean cordial 


labeling and Smarandachely total mean cordial labeling graph respect to H. 


The following results are frequently used in the subsequent section. 


Definition 2.2. The product graph G, x G2 is defined as follows: Consider any two vertices 
u = (ui, U2) and v = (v1, v2) inV =V, x Va. Then u and v are adjacent in Gi x Gz whenever 
[uy = v1 and ug adj ve] or [ug = v2 and uy adj v|. Note that the graph Ly, = P, x Pp» is 
called the ladder on n steps. 


Definition 2.3 Let G, and G2 be two graphs with verter sets V; and V2 and edge sets Ey and 
Ey respectively. Then their join G, + Gg is the graph whose vertex set is Vi U V2 and edge set 
is Fy U Ep U{uv: we Vy and v € Vo}. Also the graph W,, = Cy, + Ky is called the wheel. 


Definition 2.4 Let Gi, Gz respectively be (pi,qi), (p2,q2) graphs. The corona of G, with Go, 
G1 © Gz is the graph obtained by taking one copy of Gy and p, copies of Gz and joining the it” 


vertex of Gy with an edge to every vertex in the i” copy of Go. 


Definition 2.5 The union of two graphs G1 and G2 is the graph G1 U G2 with V (Gi U G2) = 
Vv (G1) UV (G2) and E (Gi U G2) =E (G1) UE (Go). 


Definition 2.6 The subdivision graph S(G) of a graph G is obtained by replacing each edge 
uv of G by a path uwv. 


Theorem 2.7((7]) Let G be a (p,q) Total Mean Cordial graph and n #3 then GU P,, is also 


total mean cordial. 


Main Results 


Theorem 3.1 S(W,,) is total mean cordial. 


Proof Let V(S(W,)) = {u,ui,vi,yi:1<i< n}, E(S(W,)) = {uiyi,yiuig, 1 <i < 
N—1}U {UnYn, Ynta} U {uax,, eu; :1<i<n}. Clearly |V(S(W,))| +|V(S(W,))| = 7n + 1. 


Case 1. n=0 (mod 12). 
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Let n = 12t andt > 0. Define f : V(S(W,,)) — {0,1,2} by f(u) = 0, 


f(zi) =09, 
f(ui) =09, 

f (w2t+i) = 2, 
fluss) =1, 
fyi) =1, 
F(yot-14i) = 2, 
f(yst-14i) =1, 


Here evs(0) = 28t + 1, evs (1) = evs (2) = 28t. 


Case 2. n=1 (mod 12). 


Let n = 12t+1 andt> 0. Define a map f: 


f(vi) =0, 
f(ui) =0, 

Ff (uat+i) = 2, 
f(usi:) =1, 
fyi) =1, 
f(yor—144) = 2, 
f(yoi) =1, 


1<i<12t 
1<7< 2% 
ee ee: 
Lee 3 
1<¢< 94 
i wt: 
ice es) a ea 


1<i<12t+1 
1<i< 2t 

1l<i<i7t 

1<i<3t+1 
1<i<2t-1 
1l<i<7t+1 
1<i<3t+1. 


Here evys(0) = eve(1) = 28¢ + 3, eve (2) = 28¢ 4 2. 


Case 3. n= 2 (mod 12). 


Let n = 12t+2 andt> 0. Define a function f : V(S(W,,)) > {0,1,2} by f(u) =0, 


f(zi) =9, 
f(ui) =9, 

f (w2t+) = 2, 
F(uotqi4i) = 1, 
fyi) =1, 
F(yat+i) = 2, 
Ffori+i) =1, 


In this case evs(0) = evg(1) = eve (2) = 28¢4+ 5. 


Case 4. n=3 (mod 12). 


Let n = 12t—9 andt > 0. For n = 3, the Figure 1 shows that S(W3) is total mean cordial. 


1<i<12+2 
1<i<2t 
1<i<7t+1 
1<i<3t+1 
1<i<2t 
1<i<7t+1 
1<i<3t4+1. 
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Figure 1 


Now assume t > 2. Define a map f : V(S(W,,)) — {0,1,2} by f(u) =0, 


f(a) =0, 1<i<12t-9 

f(u) =0, 1<i<2t-2 
fae) =o) ASG TESS 
fig) Ste Tepese~ 0 

f(y) =1, 1<i<2t-3 
fly-34i) =2, 1<i<7t-5 
Gewese) Sk We FS SPM, 


In this case evs(0) = eve (1) = 28¢ — 21, evs (2) = 28t — 20. 
Case 5. n=4 (mod 12). 


Let n = 12t—8 andt > 0. The following Figure 2 shows that S(W4) is total mean cordial. 


Figure 2 


Now assume t > 2. Define f : V(S(W,,)) — {0,1,2} by f(u) =0, 


f(s) =0, 1<i<12t-8 

fas). =0 125 220-9 
fia), 8 STRESS 
ey ae PGS SRSA 

f(y) =1, 1<i<2t-3 
fQi-sqei) = 2, LT<i< 7t=4 
PiAEN, A Ree Se SA, 


In this case evs(0) = 28¢ — 19, eve(1) = eve (2) = 28t — 18. 
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Case 6. n=5 (mod 12). 


Let n = 12t—7 andt > 0. Define a function f : V(S(W,,)) — {0,1,2} by f(u) =0, 


\-=0) 172 197 

) 1<¢< 4-3 
f (uat—34.) 1<i<7t—4 
f(uiut_-741) =1, 1<i<t 

) =0, 1<i<4¢-3 

) =2, 1<i<7-4 

) rere 


F (Yat—34i 
f(m 1t—7+i 


In this case evs(0) = eve(1) = eve (2) = 28¢ — 16. 
Case 7. n=6 (mod 12). 


Let n = 12t —6 and t > 0. Define a function f : V(S(W,,)) — {0,1,2} by f(u) =0, 


fle) =0, 1<i<12t-6 

flu) =0, 1<i<2t-1 
Flees: HO tee es 
fies Hk Tey a3e a 

f(y) =1, 1<i<2t—2 
f(Yot-ati) = 2, 1<ti<7t-3 
i Gig Sia: SA, WEP Ss 5854, 


In this case evs(0) = eve(1) = 28t — 7, evs (2) = 28¢ — 6. 
Case 8. n=7 (mod 12). 


Let n = 12t—5 andt > 0. Define a function f : V(S(W,,)) > {0,1,2} by f(u) =0, 


flv) =0, 1<¢< 12-5 

flu) =0, 1<i<2t-1 
fied: =3,. Lae E93 
Fiigeany Say Pees sea 

FG) Si: Ree oro 
Flyo-api) =2, 1<i<7t-3 
Flyo-s4i) =1, 1<i< 3t. 


Here evy(0) = eve(1) = 28¢ — 11, eve (2) = 28¢ — 12. 


Case 9. n= 8 (mod 12). 


Some Results on Total Mean Cordial Labeling of Graphs 127 


Let n = 12t—4 and t > 0. Define a function f : V(S(W,,)) — {0,1,2} by f(u) = 0, 


fle) =0, 1<i<i2t—4 

f(u;) =0, 1<i<2t-1 
figpeaae Sor Ae GS 
Pig ae: = Vege or 4 

f(y) =1, 1<i<2t-1 
(Ga! SF eG S ES 
f(yot-ags) = 1, 1<1< 3¢. 


Case 10. n=9 (mod 12). 


Let n = 12t— 3 andt > 0. Define a function f : V(S(W,,)) > {0,1,2} by f(u) = 0, 


fle) =0, 1<i<12t-3 

fla). 0, PaaS 21 
Flight) 20. EGR TD 
fussy) = 1, 1X a< dt 

fy) Hay WES eS 
F(yo-api) =2, 1<i<7t-1 
f(yor-34i) =1, 1<1< 3b. 


In this case evs(0) = eve(1) = 28¢ — 7, evs(2) = 28¢ — 6. 
Case 11. n=10 (mod 12). 


Let n = 12t—2 andt > 0. Define a function f : V(S(W,,)) — {0,1, 2} by f(u) = 0, 


f(a) =0, 1<i<12t-2 

fu) =0, 1<i<2t-1 
Ge ul >. Sg eit 
flusi-aqa) = 1, 1X t< 3t 

f(y) =1, 1<i<2t—2 
Flyo-opi) =2, 1<i<7t-1 
Pie). Si WES ee 


In this case evs(0) = 28t — 5, evp(1) = eve (2) = 28 — 4. 


Case 12. n=11 (mod 12). 
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Let n = 12t—1 andt> 0. Define a function f : V(S(W,,)) — {0,1, 2} by f(u) = 


f(x 
f(ui 


) =0, 1<i<12t-1 
) Lye ae 
f(uat—14:) 1<i<Tt 
f(uit-14i) =1, 1<i<t 
fyi) =0, 1<i<4t-1 
f (yat- 14+ i) 
f (Yr1t- 2+ i) 


eee eel 
=1, 1<i<t+1. 


In this case evs(0) = eve(1) = eve (2) = 28¢ — 6. 


Hence S(W,,) is total mean cordial. 


Theorem 3.2 S(P, © 2K) is total mean cordial. 


Proof Let V(S(P, © 2K1)) = {ui, vi, wi, 2i,yi: 1 <i < nbu fu; :1<i<n-—1I} and 
E(S(P, © 2K1)) = { ujtl;, U;Uig1 :L<isn—I1}U {ujy;, ww; ut; wiys:1<i< ni}. Clearly 
|V(S(P, © 2K1))|+|V(S(W,, © 2K1))| = 12n—3. Now we define a map f : V(S(P,©2K1)) - 
{0, 1,2} by f(v1) =0, f(w1) =1, fun) = 9, 


fu) =0, letsasi 
fi) =fw) =1, 25750 
$i) S23, Laie 


In this case evs(0) = eve (1) = eve (2) = 4n—-1. 


Hence S(P,, © 21) is total mean cordial. 


Theorem 3.3 Ly, © Ky, is total mean cordial. 


Proof Let V(Ln © Ky) = {ui, vi, 21, yi 1 <i <n} and E(L, © Ky) = {ajui, wii, 
vUyil<i< nN} Ufuptepi, ViVi41 :l<i< n—I1}. Here lV(Ln © Ky)|+|E(Ln © hy)| = 9n—-2. 
Define a map f : V(Ln © Ki) — {0,1, 2} by 


flu) =0, l<i<n 
flim) =0, 1xa<]2] 
fyi) =1, ls<i<n 
(tpajui) =L 1sis [3] 
f(u) =2, l<i<n 


The following Table 1 shows that f is a total mean cordial labeling of L, © Ky. 
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Dees TeSesT 


9n — 9n — n—2 
= 1 (mod 2) 
eve TEA TEZL 


Hence L, © Ky is Total Mean Cordial. 


Theorem 3.4 The graph P, UP2U...UP,, is total mean cordial. 


Proof We prove this theorem by induction on n. For n = 1, 2, 3 the result is true, see 
Figure 3. 


0 ¢ 
e ° 
0 1 2 
i ——2 —— 
o——_e——e 
0 2 0 
Figure 3 


Assume the result is true for P; U P2 U...U P,-1. Then by Theorem 2.7, (P; U P2 U 
P,-1)U Py, is total mean cordial. 


Theorem 3.5 Let C), be the cycle uju2...tnur. Let GC, be a graph with V(GC,,) = V(C,) U 
{u,:1<i<n} and E(GC,) = E(Ch) U {uivi, wiry; : 1 <i <n—1}U {unvn, urn}. Then 
GC,, is total mean cordial. 

Proof Clearly, |V(GC;,)| + |E(GC,)| = 
Case 1. n=0 (mod 3). 


Let n = 3t and t > 0. Define f : V(GC,,) — {0,1, 2} by 


f (vi) a, Veet 
Flu) =f) =2, list 
Flues) = flv) =1, 1si<t-1 


f (use) = 1 and f(v3-) = 0. In this case eve(0) = eve (1) = eve (2) = 5t. 
Case 2. n=1 (mod 3). 


Let n = 3t+ 1 andt> 0. Define f : V(GC,,) — {0,1, 2} by 


f(ui) = f(vi) =0, 1<i<t 
f(uesi4i) = f(ve4a) =2, 1<ix<t 
F(uogigs) = flvoqigs) =1, 1l<i<t 


f(ur41) = 0, f(vor41) = 2. In this case evs (0) = 5t + 1, evs (1) = evs (2) = 5t 4 2. 
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Case 3. n=2 (mod 3). 
Let n = 3t + 2 and t > 0. Construct a vertex labeling f : V(GC,,) — {0, 1,2} by 
(v;) =0, 1<i<t+1 


f 
f(trpots) =AFlUii4i) =2, L<i<t 
f(taepo4s) = f(t) =1, T<iet 


f (uti) =1, f(vorp2) = 2. In this case evs (0) = eve (1) = 5t4+ 3, evs(2) = 5t4+ 4. 


Hence GC’, is total mean cordial. 


Example 3.6 A total mean cordial labeling of GC is given in Figure 4. 


Figure 4 


Theorem 3.6 Let St(L,,) be a graph obtained from a ladder L,, by subdividing each step exactly 
once. Then St(Ln) is total mean cordial. 


Proof Let V(St(Ly)) = {ui,v;,wi : 1 <i < n} and E(St(L,)) = {ugwi, wiv, s 1 <i < 
nM} U {updigi, Vivigd 2 1<t<n-— 1}. It is clear that |V(St(L,))| + |E(St(Ln))| = 7n — 2. 


Case 1. n=0 (mod 6). 


Let n = 6t. Define a map f : V(St(L,)) — {0, 1,2} as follows. 


f(u) =0, 1<i<é6t 
f(w;) =0, 1<i<t 
fsa) =1,. 12 ¢<5t 

fv) =2, 1<i<5t 
flust4;) =1, 1l<i<t 


In this case evs(0) = eve(1) = 14t — 1, evs (2) = 14t. 


Case 2. n=1 (mod 6). 
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Let n = 6t+ 1 and t > 1. Define a function f : V(St(L,,)) > {0,1,2} by 


f(u:) =0, 1<i<6t+1 
f(wi) =0, 1<i<t 
f(wiyi) =2, 1<i<5t+1 

f(v:) =1, 1<i<4t+1 
f(vaeqi4i) =2, 1<iK< 2t. 


Here evs(0) = 14t+ 1, evp(1) = eve (2) = 14¢4+ 2. 
Case 3. n=2 (mod 6). 


Let n = 6t + 2 andt > 0. The Figure 5 shows that St(L2) is total mean cordial. 


Figure 5 


Consider the case for t > 1. Define f : V(St(L,)) — {0,1, 2} as follows. 


f(u:) =0, 1<1<6t+2 
f(wi) =0, 1<i<t 
Fluiai) =1, 1<1<5t4+1 

f(y) =2, 1<i<5t4+1 
f(useqi4i) =1, 1<ic<t. 


and f(wet+2) = 2, f(ver+2) = 0. Here evs(0) = eve(1) = eve (2) = 14¢4+ 4. 
Case 4. n=3 (mod 6). 


Let n = 6t —3 and t > 1. Define a function f : V(St(L,,)) > {0,1,2} by 


f(ui) = f(wi) = f(w) =0, 1<4< 269 
f(uae-14s) = f(wot-i4i) = f(v2e4s) =1, 1<i1<2t-2 
F(uae-osi) = f(waeasi) = f(vae-oni) =2, 1<71< 2t-2 


f(u2e-1) = f(wer-1) = 0, f(wae-2) = f(war-2) = f(war-1) = 1 and f (users) = f(ver—3) = 
2. In this case evs(0) = 14t — 7, eve (1) = eve (2) = 14t—- 8. 


Case 5. n=4 (mod 6). 
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Let n = 6t —2 andt > 0. Define f : V(St(L,)) — {0,1, 2} by 


f(u) =0, 1<1<6t-2 
f(wi) =0, 1<i<t 

flwini) =1, 1<i1<5t-2 

f(x) =2, 1<i1<5t-2 
f(use-o4i) =1, 1<ict. 


In this case evs(0) = eve(1) = 14t — 5, evs (2) = 14t—-6. 


Case 6. n=5 (mod 6). 


Let n = 6t — 1 and t > 0. Define a function f : V(St(L,,)) > {0,1,2} by 


f(u) =0, 1<i<6t-1 
f(wi) =0, 1<i<t 
flwys) =1, 1<i<5t-1 

fu) =2, 1<i<5t-1 
f(vsigs) =1, 1<i<t. 


Here evys(0) = evy(1) = ev (2) = 14t — 3. 


Hence St(L,,) is total mean cordial. 
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Abstract: A graph G(v,e) is simple if it is without self loops and parallel edges and a 
graph G(v,e) is connected if every vertex of graph is connected with each other. This paper 
is dealing with the problem of finding the number of regions in any simple connected graph. 
In other words this paper generalize the Eulers result on number of regions in planer graphs 
to all simple non planar graphs according to Euler number of regions in planar graphs is 
given by f =e—v+2. Now we extend Eulers result to all simple graphs. I will prove that 


the number of regions in any simple connected graph is equal to 
r-1 e 
fse-vt24+S 5G, reN 
j=l i=2 


The minimum number of regions in any complete graph is 
lpn) | n—-1] |n-2] |n-3 n? —3n+4 
48 ee 
412 2 2 2 2 


Where [ | represents greatest integer function, and n is the number of vertices of graph. 


Key Words: Planar graph, simple graph, non-planar graph, complete graph, regions of a 


graph, crossing number. 


AMS(2010): 0525. 


§1. Introduction 


A planar graph is one that can be drawn on a two-dimensional plane such that no two edges 
cross. A cubic graph is one in which all vertices have degree three. A three connected graph 
is one that cannot be disconnected by removal of two vertices. A graph is said to be bipartite 
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if the vertices can be colored using exactly two colors such that no two adjacent vertices have 
the same color. [1] pp 16-20 A plane representation of a graph divides the plane into regions 
also called windows, faces or meshes. A window is characterized by the set of edges or the set 
of vertices forming its boundary. Note that windows is not defined in a non planer graph or 
even in a planer graph not embedded in a plane. Thus a window is a property of the specific 
plane representation of a graph. The window of a graph may be finite or infinite. The portion 
of a plane lying outside a graph embedded in a plane is infinite in its extend. Since a planar 
graph may have different plane representation Euler gives formula for number of windows in a 
planar graph.[2] pp 88-100. 


Lemma 1.1({1]) A graph can be embedded in a surface of a sphere if and only if it can be 


embedded in a plane. 


Lemma 1.2([1]) A planer graph may be embedded in a plane such that any specified region can 
be made the infinite region. 


Lemma 1.3(Euler theorem, [1], [2]) A connected planer graph with n vertices and e edges has 


e—n-+2 regions. 


Lemma 1.4([2]) A plane graph is bipartite if and only if each of its faces has an even number 
of sides. 


Corollary 1.5([2]) In a simple connected planar graph with f regions n vertices and e edges 


(e > 2) the following inequalities must hold. 


e> Sf and e<3n—6. 


Theorem 1.6([2]) The spherical embedding of every planar 3-connected graph is unique. 


The crossing number (sometimes denoted as c(G) of a graph G is the smallest number of 
pair wise crossings of edges among all drawings of G in the plane. In the last decade, there has 
been significant progress on a true theory of crossing numbers. There are now many theorems 
on the crossing number of a general graph and the structure of crossing critical graphs, whereas 
in the past, most results were about the crossing numbers of either individual graphs or the 
members of special families of graphs. The study of crossing numbers began during the Second 
World War with Paul Turan. In [4], he tells the story of working in a brickyard and wondering 
about how to design an efficient rail system from the kilns to the storage yards. For each kiln 
and each storage yard, there was a track directly connecting them. The problem he Consider 
was how to lay the rails to reduce the number of crossings, where the cars tended to fall off the 
tracks, requiring the workers to reload the bricks onto the cars. This is the problem of finding 
the crossing number of the complete bipartite graph. It is also natural to try to compute the 
crossing number of the complete graph. To date, there are only conjectures for the crossing 
numbers of these graphs called Guys conjecture which suggest that crossing number of complete 
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graph K,, is given by V(K,,) = Z(n) [5] [6]. 


z= 715 [|S] 


where [ ] represents greatest integer function which can also be written as 


an(n— 2)?(n— 4)? ... if nis even 
PONE a ae os eae 
are 1A 3) .. if nis odd 


Guy prove it for n < 10 in 1972 in 2007 Richter prove it for n < 12 For any graph G, we 
say that the crossing number c(G) is the minimum number of crossings with which it is possible 
to draw G in the plane. We note that the edges of G need not be straight line segments, and 
also that the result is the same whether G is drawn in the plane or on the surface of a sphere. 
Another invariant of G is the rectilinear crossing number, c(G), which is the minimum number 
of crossings when G is drawn in the plane in such a way that every edge is a straight line 
segment. We will find by an example that this is not the same number obtained by drawing G 
on a sphere with the edges as arcs of great circles. In drawing G in the plane, we may locate 
its vertices wherever it is most convenient. A plane graph is one which is already drawn in the 
plane in such a way that no two of its edges intersect. A planar graph is one which can be 
drawn as a plane graph [9]. In terms of the notation introduced above, a graph G is planar 
if and only if c(G) = 0. The earliest result concerning the drawing of graphs in the plane is 
due to Fary [7] [10], who showed that any planar graph (without loops or multiple edges) can 
be drawn in the plane in such a way that every Edge is straight. Thus Farys result may be 
rephrased: if c(G) = 0, then ¢(G) = 0. In a drawing, the vertices of the graph are mapped into 
points of a plane, and the arcs into continuous curves of the plane, no three having a point in 
common. A minimal drawing does not contain an arc which crosses itself, nor two arcs with 
more than one point in common. [8][11]In general for a set of n line segments, there can be up 
to O(n) intersection points, since if every segment intersects every other segment, there would 


be 


n(n — 1) 3 
= Oe ee 


intersection points. To compute them all we require is O(n”) algorithm. 


§2. Main Result 


Before proving the main result we would like to give the detailed purpose of this paper. Euler 
gives number of regions in planer graphs which is equal to f = e —v +2. But for non planar 
graphs the number of regions is still unknown. It is obvious that every graph has different 
representations; there is no particular representation of non planer simple graphs a graph G(v, e) 
can be represented in different ways. My aim is to find the number of regions in any simple non 


planer graph in whatever way we draw it. I will prove that number of regions of any simple 
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non planar graph is equal to 
r—-1 r 
fse—v4+24+5 590G, reEeNn 
j=l i=2 


where >> C2 are the total number of intersection points where two edges have a common point, 
>> C3 are the total number of intersection points where three edges have a common point, and 


so on,)+C; are the total number of intersecting points where r edges have a common point. 


In whatever way we draw the graph. And the minimum number of regions in a complete 


graph is equal to 


F ze n—1][n—2] fn—-3 want emcees: 
=>-|—- a ce n=num r vertl 
ala!|~2 D D 2 " 


This result is depending upon Guys conjecture which is true for all complete graphs n < 12 
therefore my result is true for all complete graphs n < 12 if conjecture is true for all n, then 
my result is also true for all complete graphs. 


Theorem 2.1 The number of regions in any simple graph is given by 


fse-vt2+> jG, ren 
j=l i=2 


In particular number of regions in any complete graph is given by 


SPSS [Spe 


This result of complete graphs is true for all graphs n < 12 it is true for all n if Guys conjecture 


is true for all n. 


Proof Let G(v,e) be a graph contains the finite set of vertices v and finite set of edges e. 
It is obvious that every graph has a planar representation in a certain stage and in that stage 
according to Euler number of regions are f = e—v+2. Let n edges remaining in the graph by 
adding a single edge graph becomes non planar that in this stage it has maximum planarity so 
if we start to add remaining n edges one by one intersecting points occur and number of regions 
start to increase. Out of remaining n edges let us suppose that there are certain intersecting 
points where two edges have a common points it is denoted by C2 and total such points can be 
represented by }> C2 similarly let us suppose that there are certain intersecting points where 
three edges have a common points it is denoted by C3 and total such points can be represented 
by >> C3 and this process goes on and finally let us suppose that there are certain intersecting 
points where r edges have a common point it is denoted by C;. and total such points can be 
represented by 5>C;. It must be kept in mind that graphs cannot be defined uniquely and 
finitely every graph has different representations. Since my result is true for all representations 
in whatever way you can represent graph. We first show that if we have finite set of n edges in 
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a plane such that each pair of edges have one common point and no three edges have a common 
point, number of regions is increased by one by each pair of edges. Let f,, be the number of 
regions created by finite set of n edges. It is not obvious that every finite set of n edges creates 
the same number of regions, this follows inductively when we establish a recurrence fo. 


Fig.1 


We begin with no edges and one region, so fp = 1. We prove that 
fn = fn-1 +n 


if n > 1. Consider finite set of n edges, with n > 1 and let L be one of these edges. The other 
edges form a finite set of n — 1 edges. We argue that adding L increases the number of regions 
by n. The intersection of L with the other edges partition L into n portions. Each of these 
portions cuts a region into two. Thus adding L increases the number of regions by n .since this 
holds for all finite set of edges we have 


Th —= fn-1 +n 


ifn > 1. This determines a unique sequence starting with fo = 1, and hence every finite set 
of edges creates same number of regions. Thus it is clear that if two edges have a common 
point number of region is increased by one we represent it by Cg and total number of such 
intersecting point is denoted by }> Cs, similarly if three edges have a common point number 
of regions is increased by two and we denote it by C3 and total number of such intersection 
points is denoted by 5> C3 and number of regions are 25> C3 this process goes on and finally if 
r lines have a common point number of regions is increased by r and it is denoted by C;. and 
total number of such intersection points are denoted by }> C, and number of regions increased 
by (r—1)5°C, it must be noted that every graph has different representations any number of 
intersection points can occur. Thus we conclude that number of regions in any simple graph is 
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given by 
f = e-—v+2-+sum of all intersecting points where two edges have common point 
+2(sum of all intersecting points where three edges have common point) 
+3(sum of all intersecting points where four edges have common point) 
+(r — 1)(sum of all intersecting points where r edges have common point), 
written to be 


fse—vt+2+ 5) Co4+29 (C3439 Cat. +(r-1) SG, 


which can be expressed as 


r 


r-1 
fae-vt2+>) 5) Gi, ren 
j=l i=2 


It should be noted that Figures 2-4 below illustrate above result. 


Figure 2 


Figure 2 has 20 vertices and 30 edges, there are 9 intersection points where two edges have 
common point, 2 intersection points where three edges have common point,1 intersection points 
where four edges have common point, 1 intersection points where five edges have common point, 
and number of regions is 32 we now verify it by above formula. 


f= e-vt24+ 5G 
j=l i=2 
= e—vt2+ 5° C2+25°C34+3) C1 +49 C5. 
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Substitute above values we get that 


f =30- 204249444344 =32, 


which verifies that above result. 


Figure 3 below has 14 vertices 24 edges 15 intersecting points where two edges have common 
point. 2 intersection points where three edges have common point,1 intersection points where 


four edges have common point, and number of regions is 34 we now verify it by above formula. 


- = e-vt24+) 59°C; 
j=l i=2 


= e-vt2+) Cot 2) C343) > Cy = 24- 14424154443 = 34, 


which again verifies that above result. 


Figure 3 


Figure 4 below has 6 vertices 11 edges 2 intersecting points where two edges have common 
point. 1 intersection points where three edges have common point, and number of regions is 11 
we now verify it by above formula. 


f= e-~vt 24 50G, 
j=l i=2 


e—vt 24) °C, 42) C3 =11-6424242=11, 


verifies that above result again. 
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Figure 4 


Now if the graph is complete with n vertices then the number of edges in it is n(n) and 


minimum number of crossing points are given by Guys conjecture that is 
Lypny|n—-1] [n-2}] |n-3 
z(n) = + [5] | 2 || 2 || 2 | 


which is true for all n < 12 thus above result is true for all n < 12, if Guys conjecture is true, 


then my result is true for all n. We know that every complete graph has a planar representation 
in a certain stage. When we start to draw any complete graph we add edge one by one and a 
stage comes when graph has maximum planarity in that stage number of regions according to 
Euler is f = e—v+2, when we start to add more edges one by one number of crossing numbers 
occur but according to definition of crossing numbers two edges have a common point and no 
three edges have a common point it has been shown that if two edges have a common point 
number of regions is increased by }> C2 , thus the number of regions is given by 


f=e-v+2+5 CO, 


Yo=F 5 S| "S| S| 


is the minimum number of crossing points ( Guys conjecture), e the number of edges and v 


where 


number of vertices. 


Let us suppose that graph has n vertices and number of edges is atn=1) substitute these 


values above we get minimum number of regions in a complete graph is given by 


f = e-v+24+5S°C, 
Secon oleae 
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B 4S "| "S| aS = 


That proves the result. 


Figures 5-6 below illustrates this result. The Figure 5 below is the complete graph of six 
vertices and number of regions are as 


te ae n—1][n—2][n-3 _ = 3n4+4 
~ AlLQ 2 2 2 2 
_ 1/6] [6-1] [6-2] [6-3 , 8-36) +4 
~ 4/2 2 2 2 2 
= Px8xaxaxt¢ So ST4 ag 


This shows that the above result is true. 


Figure 5 


Figure 6 below is the complete graph of 5 vertices and number of regions are as 
ny |n—-1}|n-—2}] |n-3 n? —3n+4 
B >] S| S| a ae 
APS - 
2 2 2 2 2 
25-1544 _ 


ee ee 


SY 
I 


1 
4 
1 
4 
1 
4 


142 Mushtaq Ahmad Shah, M.H.Gulzar and Mridula Purohit 


Figure 6 


Example 1 Find the number of regions of a complete graph of 8 vertices with minimum 


crossings. Find number of regions? 


Solution Apply the above result we get 


fz - [2] n—-1|}|n-—-2] |n-3 wasnt 
~ AL2 2 2 2 2 
. 2s) |s=—1) |e—2|' (s—3 , 838x844 
~ Ala 2 2 2 2 
1 = 
= TX4Ax Sx 8x24 ET" _ ao 


Example 2 A graph has 10 vertices and 24 edges, there are three points where two edges 
have a common point, and there is one point where three edges have a common point find the 


number of regions of a graph? 


Solution By applying above formula we get 


f= e-vt24+)°50G; 
j=l i=2 


= e-vt+2+) (C2425) C3 = 24-10424342=21 


Thus number of regions is 21. 
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Abstract: In this note, the non-trivial connected digraphs D with vertex set V(D) = 


{v1,v2,...,Un} satisfying S- d~ (vi) -d*(v;) = n — 2 are characterized, where d~(v;) and 
i=1 


d*(v;) be the in-degree and out-degree of vertices of D, respectively. 
Key Words: Directed path, directed cycle, directed tree, tournament. 
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§1. Introduction 


Notations and definitions not introduced here can be found in [1]. For a simple graph G 
with vertex set V(G) = {v1,v2,--+ ,Un}, V-R-Kulli[2] gave the following characterization. A 
graph G is a non-empty path if and only if it is connected graph with n > 2 vertices and 
Ya —4n+6 = 0, where d; is the degree of vertices of G. In this note, we extend the 


i=1 
characterization of paths to directed paths, which is needed to characterize the maximal outer 


planarity property of some digraph operator(digraph valued function). 

We need some concepts and notations on directed graphs. A directed graph(or just digraph) 
D consists of a finite non-empty set V(D) of elements called vertices and a finite set A(D) of or- 
dered pair of distinct vertices called arcs. Here, V(D) is the vertex set and A(D) is the arc set of 
D. A directed path from v, to vy is a collection of distinct vertices v1, v2, U3,..-,Un together with 
the arcs v1, U2, V2U3,---, Un—1Un considered in the following order: v1, v1 v2, V2, V2U3,---;Un—1Un; Un- 
A directed path is said to be non-empty if it has at least one arc. An arborescence is a directed 
graph in which, for a vertex u called the root(i.e., a vertex of in-degree zero) and any other 
vertex v, there is exactly one directed path from u to v. A directed cycle is obtained from a 
nontrivial directed path on adding an arc from the terminal vertex to the initial vertex of the 
directed path. A directed tree is a directed graph which would be a tree if the directions on the 


arcs are ignored. The out-degree of a vertex v, written dt(v), is the number of arcs going out 
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from v and the in-degree of a vertex v, written d~(v), is the number of arcs coming into v. 

The total degree of a vertex v, written td(v), is the number of arcs incident with v. We 
immediately have td(v) = d~(v) + d*(v). A tournament is a nontrivial complete asymmetric 
digraph. 


§2. Characterization 


Theorem 2.1 A connected digraph D with verter set V(D) = {v1,v2,°-+, Un}, n > 2 is a 
non-empty directed path if and only if 


COR =n-2. (1) 


Proof Let D be a directed path with n vertices v1,v2,--+ ,Un. Then it is easy to verify 
that the sum of product of in-degree and out-degree of its vertices is (n — 2). 

To prove the sufficiency part, we are given that D is connected with n vertices v1, v2,...,Un 
and equation (1) is satisfied. If n = 2, then the only connected digraph is a tournament with 
two vertices(or a directed path with two vertices) and (1) is trivially verified. 

Now, suppose that D is connected with n > 3 vertices. We consider the following two 


cases: 
(i) The total degree of every vertex of D is at most two; 
(ii) There exists at least one vertex of D whose total degree is at least three. 


In the former case, since D is connected, it is either a directed path or a directed tree or 
a directed cycle. 
Suppose that D is a directed tree with n > 3 vertices. Then there exists exactly two vertices 
n 
of total degree one, and (n—2) vertices of total degree two. Thus, S- d~ (v;)-d* (vj) =¢<n-2 


i=1 
violating the condition (1), where ¢ is the number of vertices of D whose in-degree and out- 


degree are both one. Hence D cannot be a directed tree. On the other hand, if D is a directed 
n 

cycle with n > 3 vertices, then S- d~ (vj) -d*(v;) =n > n — 2, again violating the condition 
i=1 

(1). Hence D cannot be a directed cycle also. In the latter case, we prove as follows. 


Case 1. Suppose that a connected digraph D with n > 3 vertices has exactly one vertex of 
total degree three, and remaining vertices of total degree at most two. We consider the following 
two subcases of Case 1. 


Subcase 1. If D is a directed tree, then clearly it has three vertices of total degree one, 
and (n — 4) vertices of total degree two. Thus, S- d-(v;)-d*(v;) <¢@ <n—2, where ¢ is the 
i=1 
number of vertices of D whose in-degree and out-degree are both at least one. 


Subcase 2. If D is cyclic, then it has a vertex of total degree one, and (n — 2) vertices of 
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n 
total degree two. Thus, S- d~(v;)-dt(v;) =n >n-2. 
i=1 

Case 2. Finally, consider any connected digraph with n vertices having more than one vertex 
of total degree at least three. Clearly, such a digraph can be obtained by adding new arcs 
joining pairs of non-adjacent vertices of a digraph described in Case 1. The addition of new 
arcs increases the total degree of some vertices and there by the above inequality is preserved 
in this case also. Therefore in all cases, we arrive at a contradiction if we assume that D has 


some vertices of total degree at least three. Hence we conclude that D is a non-empty directed 


path. This completes the proof. 


Remark 2.1 It is known that a directed path is a special case of an arborescence. Hence 
equation (1) is satisfied for an arborescence whose root vertex has out-degree exactly one. For 
an example, see Fig.1, Fig.2. It is easy to verify that equation (1) is satisfied for an arborescence 
showed in Fig.1, but not in Fig.2. 


Root vertex Root vertex 


Fig.1 Fig.2 
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